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Abstract. We prove that if g and n are integers at least two, then the abstract 
commensurator of the braid group with n strands on a closed orientable surface 
of genus g is naturally isomorphic to the extended mapping class group of a 
compact orientable surface of genus g with n boundary components. 



1. Introduction 

For a positive integer n and a manifold M, we define PB n (M) to be the pure 
braid group of n strands on M, i.e., the fundamental group of the space of ordered 
distinct n points in M. Let S be a connected, compact and orientable surface of 
genus g with p boundary components. Let S denote the closed surface obtained 
by attaching disks to all boundary components of S. We define P(S) as the kernel 
of the homomorphism i: PMod(S') — >■ Mod(5) associated with the inclusion of S 
into S, where PMod(S') denotes the pure mapping class group for S, and Mod(5) 
denotes the mapping class group for S (see Section 12.31 for a definition of these 
groups). As discussed in Section 4.1 of [2], the Birman exact sequence tells us that 
if g > 2 and p > 1, then PB p (S) is identified with P(S). 

Automorphisms of P(S) are studied in pQ, [11] and [22]. The aim of this paper 
is to describe any isomorphism between finite index subgroups of P(S). The same 
problem is also considered for the subgroup, denoted by P S (S), of P(S) generated 
by all HBC twists and all HBP twists about separating HBPs in S. We denote 
by Mod*(5') the extended mapping class group for S 1 , i.e., the group of isotopy 
classes of homeomorphisms from S onto itself, where isotopy may move points of 
the boundary of S. Since P(S) and P S (S) are normal subgroups of Mod*(S l ), the 
conjugation by each element of Mod* (5) defines an automorphism of P(S) and 
of P S (S). The following theorem says that any isomorphism between finite index 
subgroups of P(S) and of P S (S) can be described in this way. 

Theorem 1.1. Let S be a connected, compact and orientable surface of genus g 
with p boundary components. We assume g > 2 and p > 2. Then the following 
assertions hold: 

(i) Let T% and T2 be finite index subgroups of P(S), and let f:T\ — > T2 be 
an isomorphism. Then there exists an element 7 of Mod* (S) with f(x) — 
7X7 -1 for any a; 6 Tj. 

(ii) Let Ai and A2 be finite index subgroups of P S (S), and let h: A\ — > A2 be 
an isomorphism. Then there exists an element A 0/ Mod* with h{y) = 
\y\~~ 1 for any y G Ai. 
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For a group T, wc define F(T) to be the set of isomorphisms between finite index 
subgroups of r. We say that two elements /, h of F(T) are equivalent if there exists 
a finite index subgroup of T on which / and h are equal. The composition of two 
elements /: Ti -)• T 2 , h: Ai -> A 2 of F (T) given by foh: h- 1 (T 1 nA 2 ) ->■ f(A 2 nT 1 ) 
induces the product operation on the quotient set of F(F) by this equivalence 
relation. This makes it into the group called the abstract commensurator of T and 
denoted by Comm(r). 

Since P(S) and P S (S) are normal subgroups of Mod*(5), the homomorphisms 

i: Mod* (5) -> Comm(F(5)), i s : Mod* (5) ->■ Comm(P s (5)) 

are defined by conjugation. Theorem 11.11 shows that if g > 2 and p > 2, then i and 
i s are surjective and thus isomorphisms by Lemma 12.21 

For a positive integer n and a manifold M, we define B n (M) as the braid group 
of n strands on M, i.e., the fundamental group of the space of non-ordered distinct 
n points in M. The group PB n (M) is identified with a subgroup of B n (M) of 
index n\. We note that if T is a group and if A is a finite index subgroup of T, then 
the natural homomorphism from Comm(A) into Comm(r) is an isomorphism. We 
therefore obtain the following: 

Corollary 1.2. Let g and n be integers at least two. Let M be a connected, closed 
and orientable surface of genus g. Then Comm(B n (M)) and Comm(PB n (M)) are 
isomorphic to Mod* (S), where S is a connected, compact and orientable surface of 
genus g with n boundary components. 

Let us mention surfaces excluded in Theorem ll.il 

• If p = 0, then both P(S) and P S (S) are trivial. 

• If g > 2 and p = 1, then P(S) is isomorphic to tti(5) by the Birman 
exact sequence, and P S (S) is identified with a subgroup of the commutator 
subgroup of 7Ti(<5) and thus isomorphic to a non-abelian free group. 

• If g = 0, then we have P(S) = P S {S) = PMod(S). 

• If g = 1, then we have P{S) = 1(5) and P S (S) = £(5), where 2(5) is the 
Torelli group for S, and /C(5) is the Johnson kernel for S (see [15] for a 
definition of these groups). 

When g = 0, 1, a description of any isomorphism between finite index subgroups of 
P(S) and of P S (S) is therefore given in [17] and [15], respectively. 

As studied in [13] , [17] and [18] , the complex of curves for S plays an important 
role in the computation of the abstract commensurator of Mod* (5). Afterward, in 
[1] ; [S] , [S] , [E] and [19] , automorphisms and the abstract commensurators of certain 
subgroups of Mod* (5) are understood through the study of appropriate variants of 
the complex of curves. To prove Theorem ll.il we follow this strategy and introduce 
two simplicial complexes CV{S) and CP S {S) associated to 5, inspired by a work due 
to Irmak-Ivanov-McCarthy [11]. Vertices of those simplicial complexes are defined 
as isotopy classes of certain simple closed curves in S and pairs of them. Simplices 
are defined in terms of disjointness of curves in the same manner as the definition of 
the complex of curves. We then have the natural action of Mod* (5) on CV(S) and 
on CP S (S). Theorem 1 1 . 1 1 can be deduced by combining the following two assertions: 
If g > 2 and p > 2, then 

(1) any isomorphism between finite index subgroups of P(S) (resp. P S (S)) 
induces an automorphism of CV(S) (resp. CV S (S)); and 
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(2) any automorphism of CV(S) (resp. CV S {S)) is induced by an element of 
Mod*(S*). 

Assertion (1) is proved in Theorem I7.13[ and assertion (2) is proved in Corollary 
16.31 In the proof of assertion (1), we present an algebraic characterization of certain 
elements of P(S) associated to vertices of CV(S), based on [IT] . 

This paper is organized as follows. In Section [2] we provide basic terminology 
and the definition of simplicial complexes and groups discussed above. In the final 
subsection of Section [2j we present an outline of the proof of assertion (2) given 
throughout Sections [3HS] In Section[7J we prove assertion (1). Moreover, we show 
that any injective homomorphism from a finite index subgroup of P S (S) into P(S) 
induces a superinjective map from CV S (S) into CV(S). This result is used in our 
subsequent paper [16] . where we conclude that any injective homomorphism from 
a finite index subgroup of P(S) into P{S) is the conjugation by an element of 
Mod* (S) if g > 2 and p > 2. The same conclusion is also proved for P S (S). 

2. Preliminaries 

2.1. Notation and terminology. Unless otherwise stated, we assume a surface 
to be connected, compact and orientable. Let S = S g>p be a surface of genus g with 
p boundary components. A simple closed curve in S is said to be essential in S if 
it is neither homotopic to a single point of S nor isotopic to a component of dS. 
When there is no confusion, we mean by a curve in S either an essential simple 
closed curve in S or the isotopy class of it. A curve a in S is said to be separating 
in S if S\a is not connected. Otherwise a is said to be non-separating in S. These 
properties depend only on the isotopy class of a. We mean by a holed sphere a 
surface of genus zero with non-empty boundary. 

Hole-bounding curves (HBC). A curve a in S is called a hole-bounding curve 
(HBC) in S if a is separating in S and cuts off a holed sphere from S. When g > 1, 
if the holed sphere cut off by a from S contains exactly k components of OS, then 
we call a a k-HBC in S. Note that we have 2 < k < p. 

Hole-bounding pairs (HBP). A pair {a, f3} of curves in S is called a hole- 
bounding pair (HBP) in S if 

• a and /3 are disjoint and non-isotopic; 

• either a and /3 are non-separating in S or a and f3 are separating in S and 
are not an HBC in S; and 

• S \ (a U 0) is not connected and has a component of genus zero. 

We note that if g > 2, then the component of genus zero in the last condition, 
denoted by Q, uniquely exists. In this case, if Q contains exactly k components of 
dS, then we call the pair {a, j3} a k-HBP in S. Note that we have 1 < k < p. An 
HBP in S is said to be non- separating in S if both curves in it are non-separating 
in S. Otherwise it is said to be separating in S (see Figure [1} . 

We define V(S) as the set of isotopy classes of essential simple closed curves in S. 
We denote by i: V(S) x V(S) — > Z>o the geometric intersection number, i.e., the 
minimal cardinality of the intersection of representatives for two elements of V(S). 
Let H(S) denote the set of non-empty finite subsets a of V(S) with i(a, j3) = for 
any a, ft £ a. For an element a of S(5*), we mean by a representative of a the union 
of mutually disjoint representatives of elements of a. We extend the function i to 
the symmetric function on the square of V(S) U S(5) with i(a, a) = J2p et7 i(ct, (3) 
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Figure 1. a is an HBC, {^1,^2} is a non-separating HBP, and 
{71,72} is a separating HBP. 

and i(a, r) = Y?,8£<t 7 e T 7) f° r an y a e ^(^) anc ^ ^ r e ^(^)- We say that two 
elements a, /3 of V(5) U S(5) are disjoint if i{a,[3) = 0. Otherwise, we say that 
a and /3 intersect. We say that two elements a, /? of ^(S 1 ) /tH S if there exists no 
element of V(S) disjoint from both a and j3. 

Let a be an element of We denote by the surface obtained by cutting 

S along all curves in a. When a consists of a single curve a, we denote it by S a . 
Each component of Sa is often identified with a complementary component of a 
tubular neighborhood of a one-dimensional submanifold representing a in S. Let 
R be a component of S^. The set V(R) is then identified with a subset of V(5). 

2.2. Simplicial complexes associated to a surface. Let S be a surface. We 
recall two complexes of curves and then introduce complexes of HBCs and HBPs. 

Complex C(S). We define C(S) as the abstract simplicial complex such that the 
sets of vertices and simplices of C(S) are V(S) and £(S), respectively, and call it 
the complex of curves for S. 

This complex was introduced by Harvey [9] . The following theorem says that for 
almost all surfaces 5 1 , any automorphism of C(S) is generally induced by an element 
of Mod*(S). This fact is fundamental in the study of the abstract commensurators 
of various subgroups of the mapping class group. 

Theorem 2.1 ([13], [T7], [TS]). Let S = S g . p be a surface with 3g+p-4 > 0. Then 
the following assertions hold: 

(i) If(g,p) 7^ (1)2), then any automorphism ofC(S) is induced by an element 
of Mod* (5). 

(ii) If(g,p) = (1,2), then any automorphism ofC(S) preserving vertices which 
correspond to separating curves in S is induced by an element of Mod* (S). 

Let S be the closed surface obtained from S by attaching disks to all boundary 
components of S. Let C*(S) be the simplicial cone over C(S) with its cone point 
*. Namely, C*(S) is the abstract simplicial complex such that the set of vertices of 
C*(S) is the disjoint union V(S) U {*}; and the set of simplices of C*(S) is 

U { a U {*} I a £ U {0} }. 

We have the simplicial map tt: C(S) — > C*(S) associated with the inclusion of S 
into S. Note that 7T _1 ({*}) consists of all HBCs in S. An HBP in S is identified 
with an edge of C(S). For each edge {a, (3} of C(S), it is an HBP in S if and only 
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if we have 7r(a) = 7r(/3) ^ *. Two disjoint HBPs a, b in S are said to be equivalent 
in S 1 if 7r(a) = 7r(6). 

Complex Cs(S'). Let K(5) denote the set of all elements of V(S) whose represen- 
tatives are separating in S. We define C S (S) as the full subcomplex of C(S) spanned 
by V S (S) and call it the complex of separating curves for S. 

This complex (for closed surfaces) appears in [4] , [5] , [6] and [19] . Automorphisms 
of C s (S) are studied in [4] , [5] and [15] . We now introduce two simplicial complexes 
whose vertices are HBCs and HBPs in S, inspired by the work due to Irmak-Ivanov- 
McCarthy [lb characterizing elements of P(S) associated with HBCs and HBPs in 
S algebraically. 

Complexes CV(S) and CV S {S). Let V C (S) denote the set of all elements of V(S) 
whose representatives are HBCs in S. Let V P (S) denote the set of all elements of 
E(S') whose representatives are HBPs in S. 

We define CV(S) as the abstract simplicial complex such that the set of vertices 
is the disjoint union V C (S)\JV P (S), and a non-empty finite subset a of V C (S) \JV P (S) 
is a simplex of CV(S) if and only if any two elements of a are disjoint. We call 
elements of V C (S) and V P (S) HBC-vertices and HBF '-vertices ofCV(S), respectively. 

We define CV S {S) as the full subcomplex of CP(S) spanned by all vertices whose 
representatives are either an HBC in S and or a separating HBP in S. 

We note that if S is of genus zero, then CV{S) = CV S (S) = C(S) = C S (S). If S 
is of genus one, then CP(S) is equal to the Torelli complex studied in [4] and |15) . 
and the equality CV S {S) = C S (S) holds. 

Superinjective maps. Let X and Y be any of the four simplicial complexes 
introduced above. We denote by V(X) and V(Y) the sets of vertices of X and Y, 
respectively. Note that a map <j>: V(X) — > V(Y) defines a simplicial map from X 
into Y if and only if i(<j>(a),<f>(b)) = for any a, b £ V(X) with i(a,b) = 0. Wc 
mean by a superinjective map c\>: X — > Y a simplicial map 4>: X — > Y satisfying 
i(4>(a), 4>(b)) ^ for any a,b € V(X) with i(a, b) ^ 0. One can check that any 
superinjective map from X into Y is injective, along the proof of Lemma 3.1 in |10] 
proving that any superinjective map from C(S) into itself is injective. 

2.3. Surface braid groups. Let S be a surface. The mapping class group Mod(£) 
for S is defined as the subgroup of Mod* (S) consisting of all isotopy classes of 
orientation-preserving homeomorphisms from S onto itself. The pure mapping class 
group PMod(S') for S is defined as the subgroup of Mod* (S) consisting of all isotopy 
classes of homeomorphisms from S onto itself that preserve an orientation of S and 
each component of dS as a set. We refer to [13] for fundamentals of these groups. 

For each a £ V(S), let t a £ PMod(S') denote the (left) Dehn twist about a. The 
Dehn twist about an HBC is called an HBC twist. For each HBP {a, f3} in S, the 
elements tat^ 1 , tpt' 1 of PMod(S') are called HBP twists about the HBP {a,/3}. 

Let S be the closed surface obtained by attaching disks to all boundary compo- 
nents of S. We then have the surjective homomorphism 

i: PMod(S) -> Mod(5) 

associated with the inclusion of S into S. We define P(S) to be ker l. The group 
P{S) is known to be generated by all HBC twists and all HBP twists in S (see 
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Section 4.1 in [2]). We define P S (S) to be the subgroup of P(S) generated by all 
HBC twists and all HBP twists about separating HBPs in S. 

Lemma 2.2. Let S = S giP be a surface with g > 2 and p > 1. Then the following 
assertions hold: 

(i) The actions of Mod* (S) on CV(S) and on CV S {S) are faithful. 

(ii) The homomorphisms 

i: Mod*(5) -> Comm(P(5)), i s : Mod*(5) Comm(F s (5)) 

defined by conjugation are injective. 

Proof. Let x be an element of Mod*(S l ) fixing any vertex of CP S (S). Pick a S 
V S (S) \ V C (S). We choose separating HBPs {a,/3i}, {a,/3 2 } in S with ft ^ ft,. 
Since cc fixes these HBPs, it fixes a. Thus, x fixes any element of V S (S). For each 
non-separating curve 7 in S*, we choose separating curves 5%, 62 in S disjoint from 7 
and filling 5 7 . Since x fixes 5i and 62, it fixes 7. It follows that x fixes any element 
of V(S) and is thus neutral. Assertion (i) is proved. 

To prove assertion (ii), it suffices to show that i s is injective. Pick y G Mod*(S l ) 
with i s (y) neutral. There exists a finite index subgroup of P S (S) such that y 
commutes any element of it. For any separating HBP {a, /?} in S, we then have a 
non-zero integer n with y(t a tp ) n y~ 1 = (t a tp )". Thus, y fixes {a,f3}. Similarly, 
y fixes any HBC in S. By assertion (i), y is neutral. Assertion (ii) is proved. □ 

Lemma 2.3. Let S be a surface of genus at least one. Pick a G S(5 I ) and let D a 
be the subgroup 0/ PMod(S') generated by all Dehn twists about curves in a. Then 
the following assertions hold: 

(i) D a n P(S) is generated by all Dehn twists about HBCs in a and all HBP 
twists about HBPs of two curves in a. 

(ii) D a (~1 P S (S) is generated by all Dehn twists about HBCs in a and all HBP 
twists about separating HBPs of two curves in a . 

In particular. P S {S) contains no non-zero power of the HBP twist about a non- 
separating HBP in S . 

Proof. Assertion (i) holds because any element of P(S) induces the neutral element 
of Mod(S'). We define IC(S) to be the group generated by all Dehn twists about 
separating curves in S, and call it the Johnson kernel for S. The group P S (S) is 
contained in /C(5). Theorem 6.1 (ii) in [T5] shows that D a n 1C(S) is generated 
by Dehn twists about curves in a n V S (S). Assertion (ii) thus follows because any 
element of P S {S) induces the neutral element of Mod(S). □ 

2.4. Plan of Sections [3]-[6l Let S = S g<p be a surface with g > 2 and p > 2. 
We explain an outline to prove that any automorphism <f> of CV(S) is induced 
by an element of Mod*(S l ). This conclusion will be obtained by constructing an 
automorphism $ of C(S) inducing <fi. 
In Section [3l we prove that 

• cj> preserves vertices corresponding to HBCs in S 1 , non-separating HBPs in 
S and separating HBPs in 5, respectively; and 

• for any two disjoint HBPs 61, 62 in S containing a common curve, the two 
HBPs <fi(bi), 0(62) also contain a common curve. 
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For each a £ V(S), we define $(a) £ V(S) as follows. If a is an HBC in S, then we 
put $(a) = <j)(a). Otherwise, choosing two disjoint and distinct HBPs in S, say b\ 
and 62, containing a, we define $(a) to be the common curve of the two HBPs 4>{b\) 
and 0(62)- Sections [4] and [5] are devoted to showing that this is well-defined. In 
Section [6j the map $ is shown to be an automorphism of C(S) and is thus induced 
by an element of Mod* (S) by Theorem l2.ll In a similar way, for any automorphism 
ip of CV S (S), we construct a map ^> from V S (S) into itself and show it to be an 
automorphism of C S (S) and thus induced by an element of Mod*(S') by Theorem 
1.2 in 

3. Basic properties of automorphisms of CV(S) 

For an automorphism (ft of CV(S), we show that (ft preserves topological proper- 
ties of HBCs and HBPs corresponding to vertices of CV(S). In Section [3~Tl simplices 
of CV(S) of maximal dimension are completely described. It is obvious that such 
simplices are preserved by (ft. In Section 13.21 using this fact, we show that (ft pre- 
serves HBC-vertices and HBP-vertices, respectively, and preserves more detailed 
information on these vertices. 

3.1. Simplices of CV(S) of maximal dimension. We say that two disjoint 
curves in S are HBP -equivalent in S if they either are equal or form an HBP in S. 
This defines an equivalence relation on each simplex a of C(S) with a n V C (S) = 0. 
For each simplex a of C(S), we mean by an HBP- equivalence class in a an equiva- 
lence class in a \ V C (S) with respect to this equivalence relation. Before describing 
simplices of CV{S) of maximal dimension, we give several elementary observations 
on HBP-cquivalence. 

Lemma 3.1. Let S — S g , p be a surface with g > 2 and p > 1. and let b £ £(£) be a 
simplex such that \b\ > 2, bnV c (S) = and any two curves ofb are HBP- equivalent 
in S . Then the following assertions hold: 

(i) Either all curves ofb are non-separating in S or they are separating in S. 

(ii) If all curves of b are non- separating in S , then each component of Sb 
contains exactly two curves of b as boundary components, and exactly one 
component of Sb is of positive genus. 

(iii) If all curves of b are separating in S, then there exist exactly two com- 
ponents of Sb of positive genus. Moreover, those two components contain 
exactly one curve of b as a boundary component, and any other component 
of Sb contains exactly two curves of b as boundary components. 

Proof. Assertion (i) follows from the definition of HBPs. Assertions (ii) and (iii) 
are verified by induction on \b\. □ 

Lemma 3.2. Let S = S g ^ p be a surface with g > 2 and p > 1, and let b,c £ 'S(S) 
be simplices such that 

• \b\ > 2, b H c = and i(b, c) = 0; 

• b consists of non- separating curves in S; and 

• each of b and c is an HBP- equivalence class in the simplex b U c. 
Then any curve of c is contained in the component of Sb of positive genus. 

Proof. This lemma follows from the fact that any curve in a component of Sb of 
genus zero is either an HBC in S or HBP-equivalent to a curve in b. □ 
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Figure 2. Simplices of CP(S) of maximal dimension 

Lemma 3.3. Let S = S gjP be a surface with g > 2 and p > 1. Pick a separating 
curve a in S which is not an HBC in S, and pick a simplex c £ such that 

• |c| > 2, a £ c and i{a, c) = 0; and 

• c is an HBP- equivalence class in the simplex {a} U c. 
Then there exists a component Q of S a such that c belongs to 

Proof. Pick two distinct curves 7, S of c. Let Q and R be the components of S a 
with 7 £ V(Q) and <5 6 V{R). If all curves of c are non-separating in 5, then 7 
and 5 are non-separating in Q and i?, respectively. Since S{ 7 j} is not connected, 
we have Q = R. If all curves of c are separating in S, then for each curve /3 of c, 
since j3 is not an HBC in S and not equivalent to a, the curve j3 has to separate 
the component of S a containing (3 into two components of positive genus. Since 
any two curves in c are HBP-equivalent, all curves of c are contained in the same 
component of S a . □ 

Lemma 3.4. Let S = S g p be a surface with g > 2 and p > 2, and let a be a 
simplex ofCP(S) consisting of HBC-vertices. Then the inequality |er| < p— 1 holds, 
and the equality can be attained. 

Proof. We can find a simplex r of CV(S) consisting of p — 1 HBC-vertices. The 
inequality in the lemma is verified by induction on p. □ 

We now describe simplices of CV(S) of maximal dimension in the following: 

Proposition 3.5. Let S = S g , p be a surface with g > 2 and p > 1. Then we have 



dim(C7>(S)) = 




Moreover, for any simplex a ofCP(S) of maximal dimension, there exists a unique 
simplex s = {/3i,/32, . . . ,/3 p +i} ofC(S) such that 

(a) any two curves in s are HBP-equivalent; and 

(b) a consists of all HBPs of two curves in s. 

Before proving this proposition, we note that if S is a surface of genus one, then 
CV(S) is equal to the Torelli complex T(S) studied in [TS], where simplices of T(S) 
of maximal dimension are described. Proposition 3.4 in |15j thus implies that if 
S = Si p is a surface with p > 2, then we have 



dim(CV(S)) = 
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Proof of Proposition \3. 5i The p+ 1 curves in S described in Figure [2] are mutually 
HBP-equivalent. It follows that the dimension of CV(S) is not smaller than the 
right hand side of the equality in the proposition. 

In what follows, we show the equality by induction on p. The equality obviously 
holds if p — 1. We assume p > 2. Pick a simplex a of CV(S) of maximal dimension. 
We define the simplex of C(S), denoted by 

S = {oil, . . . , Oik, fill, ■ ■ ■ , filmi i 021, ■ ■ ■ , Pirn,}, 

so that 

• {cti, . . . , a.k} is the collection of HBCs of er; 

• {fin, . . • , Pimi , P21, ■ ■ ■ , film, } is the collection of curves in HBPs of a; and 

• for each j = 1, . . . , I, the set bj — {fiji, . . . , ft mj } is an HBP-equivalence 
class in s. 

Since dimcr is maximal, a contains all HBPs of two curves in each bj. We hence 
obtain the equality 

i=i v 7 

Claim 3.6. We have k = 0. 

Proof. We assume k > 1. For each j = 1, 2, . . . , k, let rij be the integer with ctj an 
nj-HBC in S, and put n — max{n 1; ri2, • • • , n^}. Exchanging indices if necessary, we 
may suppose that ol\ is an n-HBC in S. Let di, . . . , d n be the boundary components 
of S contained in the component of S ai of genus zero. The maximality of dim a and 
n implies that there exists an n-HBP b = {71, 72} in a such that the component of 
Sb of genus zero, denoted by Q, contains d\,...,d n . We note that aHV(Q) consists 
of HBCs in S and that the inequality \a n V(Q)| < n — 1 holds. Remove all curves 
in a n V(Q) from a and add curves 73, 74 ... , 7«+i € V(Q) to a such that for each 
j = 3, 4, . . . , n + 1, 7j is HBP-equivalent to 71 and 72 as a curve in S. This new 
collection of curves is denoted by s' € £(£) and associates the simplex a' of CV(S) 
consisting of all HBCs in s' and all HBPs of two curves in each HBP-equivalence 
class in s'. We thus obtain the inequality 

1 1 1 , . (71+1)71 , , ti(ti — 1) 

W\ > \a\ - |a n V(Q)\ + 1 2 ' - 1 > \a\ + 1 - ; > H, 

where the last inequality holds since we have 71 > 2. This contradicts the maximality 
of dim a . □ 

Claim 3.7. We have 1 = 1. 

Proof. Assume I > 2. We deduce a contradiction in the following two cases: (i) bi 
consists of separating curves in S; and (ii) bi consists of non-separating curves in S. 
Let R be the component of containing all curves in 62, which exists by Lemmas 
13.21 and 13.31 Let p\ denote the number of boundary components of S contained in 
R. Since b\ and 62 are not equivalent, the inequality 1 < p\ < p — 1 holds, and the 
genus of R is positive. 

In case (i), we may assume that fin is the element of b\ corresponding to a 
component of dR. Moreover, after exchanging indices, we may assume that there 
exists an integer I' with 2 < I' < I such that 

• for each j = 2, . . . , I', all curves in bj are contained in R; and 
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• for each j = I' + 1, . . . , I, all curves in bj are contained in a component of 
Sb 1 distinct from R. 

We mean by a handle a surface homeomorphic to 5*1,1. Let R 1 denote the surface 
obtained from R by attaching a handle to the component of OR corresponding to 
/?n. The number of boundary components of R' is then equal to p\. For each 
j = 2, . . . , I', any curve of bj can be regarded as a curve in R' via the inclusion of 
R into R' , and any two curves of bj form an HBP in R' . We denote by <jri the 
simplex of CV(R') consisting of all HBPs in R' associated with two curves in bj for 
j = 2, . . . , /'. Since the genus of R' is at least two, we obtain 



Pi + 1 
2 

by the hypothesis of the induction. We remove all curves in 62, 63, . . . , by from s 
and add to s curves Si, 82, ■ ■ • , S Pl G V(R) which are mutually disjoint and HBP- 
equivalent to /3n as curves in S. This new collection of curves is denoted by 
si 6 £(£). Let <7i be the simplex of CV{S) consisting of all HBPs of two curves in 
HBP-equivalence classes of s\. We then obtain the equality 



and the inequality 



mi +pi 
2 



1 



2 J ^ \ 2 

j=i'+i 



/mi+pA /pi + l\ (mx\ 
>[ 2 J-^ 2 )-[ 2 J = ( mi - 1) P1 > 0. 

This contradicts the maximality of dime. 

Let us consider case (ii). Without loss of generality, we may assume that j3\x 
and P12 are the two elements of b\ corresponding to components of dR. It follows 
from Lemma 13.21 that for each j = 2, . . . , I, any curve of bj is contained in R as an 
essential one. Let R" be the surface obtained by identifying f3u with /?i2, whose 
genus is at least two. For each j = 2, . . . , I, any curve of bj can be regarded as a 
curve in R" via the natural map from R into R", and any two curves of bj form 
an HBP in R". We denote by aw the simplex of CV(R") consisting of all HBPs 
in R" associated with two curves in bj for j — 2, . . . , / . Along an argument of the 
same kind as in case (i), we can deduce a contradiction. □ 

Since any HBP-cquivalence class in a simplex of C(S) consists of at most p + 1 
curves, Claims 13.61 and 13.71 imply the equality in the proposition. Existence and 
uniqueness of the simplex s = {fix, /?2, ■ • ■ , P p +i} in the proposition also follow. □ 

3.2. Topological properties preserved by 0. The following three lemmas are 
obtained as a consequence of Proposition 13.51 

Lemma 3.8. Let S = S 9iP be a surface with g > 2 and p > 2, and let 4>: CV(S) — > 
CP(S) be a superinjective map. Then the following assertions hold: 

(i) The map <p preserves HBPs in S . 
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(ii) If bi and 62 are disjoint and equivalent HBPs in S, then (f>(b±) and (^(62) 
are also equivalent. 

Proof. Let b be an HBP in S, and let a be a simplex of CV{S) of maximal dimension 
containing b as its vertex. Since <f> is injective, the equality |<^(cr)| = |c| holds, and 
0(c) is thus a simplex of maximal dimension. By Proposition 13. 5[ each vertex of 
</>(ct) is an HBP in S. Assertion (i) is proved. 

Let b\ and 62 be disjoint and equivalent HBPs in S. By Proposition 13.51 we 
can find a simplex r of CV(S) of maximal dimension containing b\ and bi as its 
vertices. Since the dimension of 4>{t) is maximal in CV{S), all vertices of 0(r) are 
equivalent by Proposition 13.51 Assertion (ii) is proved. □ 

Lemma 3.9. Let S = S 9lP be a surface with g > 2 and p > 2. Then any automor- 
phism ofCP(S) preserves HBCs in S. 

Proof. The lemma follows because for any automorphism <f> of CV(S), <f> and 
preserve HBPs in S by Lemma T3. 81 (i). □ 

A verbatim proof shows the following: 

Lemma 3.10. Let S = S g , p be a surface with g > 2 andp > 2, and let tp : CV S {S) — > 
CV S (S) be a superinjective map. Then the following assertions hold: 

(i) The map tp preserves HBPs in S. 

(ii) If b\ and 62 are disjoint, equivalent and separating HBPs in S, then ipibi) 
and '0(^2) are also equivalent. 

(iii) If tp is an automorphism of CV S {S), then ip preserves HBCs in S. 

To show that an automorphism of CV{S) preserves more topological information, 
let us introduce the following terminology. 

Definition 3.11. Let S be a surface, and let a be a simplex of CV(S) consisting 
of HBP-vertices. We say that a is rooted if there exists a curve a in S contained 
in any HBP of a. In this case, if \a\ > 2, then a is uniquely determined and called 
the root curve of a. 

Rooted simplices were introduced in [15] for the Torelli complex analogously. 

Lemma 3.12. Let S — S g-P be a surface with g > 2 and p > 2. Then any 
superinjective map from CV (S) into itself preserves rooted simplices. Moreover, the 
same conclusion holds for any superinjective map from CV S (S) into itself. 

Proof. Let <p: CV(S) — > CV(S) be a superinjective map. We note that the maximal 
dimension of a rooted simplex of CV(S) is equal to p — 1. Let a be a rooted simplex 
of CV(S) consisting of HBP-vertices a\, 02, . . . , a p . It suffices to prove that 4>{a) is 
rooted. 

For each j = 1, 2, . . . ,p, there exists an HBP bj in S with 



Since <fi is superinjective, for each j = 1, 2, . . . ,p, we have 

i{<j){aj),<j)(b 3 )) ^0 and i(cj>(a k ), <p(bj)) = for any k G {1, . . . ,p} \ {j}. 

For each j = 1, 2, . . . ,p, there thus exists a curve Cj £ 4>{ a j) with i(cj, <fi(bj)) 7^ 0. 

We note that for each k e {1, . . . ,p} \ {j}, the HBP <j)( a k) does not contain Cj. 
Let Co be the curve of 4>{a\) distinct from c\. It then follows that Co, c\, . . . , Cp are 



i(aj, bj) ^ and i(ak, bj) = for any fc S {1, . . . ,p} \ {j}. 
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mutually distinct, disjoint and HBP-equivalent in S. Proposition 13.51 implies that 
the simplex of CV(S) consisting of all HBPs of two of Co, ci, . . . , Cp is of maximal 
dimension. The simplex <j)(cr) thus consists of p pairs of two of Co, Ci, . . . , Cp. For 
each j = 1, ■■.,%>, since (f>(aj) contains Cj and does not contain Ck for any k G 
{1, . . . ,p} \ {j}, we obtain the equality 4>( a j) = { c o, Cj}- 

Along an argument of the same kind, we can prove the assertion for any super- 
injective map from CV S {S) into itself. □ 

Lemma 3.13. Let S = S 9tP be a surface with g > 2 and p > 2, and let 4>: CV(S) — > 
CV(S) be a superinjective map. Pick a simplex a of CV{S) of maximal dimension, 
and let {ao, a\, . . . , a p } denote the collection of curves in HBPs of a. Then there 
exists a collection of curves in S, {/?o,/3i, • • • ,P P }, satisfying the equality 

(j){{aj,a k }) = {/3j,Pk} 

for any distinct j,k = 0,1,..., p. Moreover, the same conclusion holds for any 
superinjective map from CV S (S) into itself and any simplex of CV S {S) of maximal 
dimension. 

Proof. For each j = 0,1, ... ,p, we define <jj to be the rooted subsimplex of a of 
dimension p — 1 that consists of all HBPs in a containing ctj . Let /3j denote the root 
curve of the rooted simplex (j){(Jj). Note that we have (3j ^ /3fc for any j ^ k because 
the maximal dimension of a rooted simplex of CV(S) is equal top— 1. Foranyj ^ k, 
since 4>{{ a o h a k}) contains fjj and [3k, we have the equality (j){{uj, au}) — {f3j,(3k}- 
Along an argument of the same kind, we can prove the assertion for any super- 
injective map from CV S {S) into itself. □ 

Applying observations so far on rooted simplices, we prove the following: 

Lemma 3.14. Let S — S gjp be a surface with g > 2 and p > 2. Then any 
automorphism ofCP(S) preserves non- separating HBPs in S and separating HBPs 
in S , respectively. 

Proof. Let </> be an automorphism of CV{S). It suffices to prove that <f> preserves 
non-separating HBPs in S. Pick a simplex a of CV(S) of maximal dimension 
consisting of non-separating HBPs in S. Let s — {ao, ax, ■ ■ ■ , cx p } be the set of 
non-separating curves in S such that 

• a consists of all pairs of two curves in s; and 

• for each j = 0, . . . ,p — 1, {<x/, ctj+i} is a 1-HBP in S. 

As described in Figure El we can find non-separating curves (3\, /?2 and /?3 in S such 
that 

• /3i , /?2 and P3 are mutually disjoint, distinct and HBP-equivalent in S; 

• s) = i(Pi,s \ {ao}) = i((3 3 , s \ {a p }) = 0; 

• i(/?i,ao) # and i(/3 3 ,a p ) ^ 0; 

• /?2 is not HBP-equivalent to any curve of s; and 

• both {fiufo} and {(5 2 , #3} are 1-HBPs in S. 
By Lemma 13.131 there exist curves jj, 5k in S with 

(j)({a h ,a j2 }) = {7ji,7j 2 }: 0({&i,& a }) = {h^hz} 
for any distinct ji,j2 — 0,...,p and any distinct k\,k 2 = 1,2,3. We put t — 
{70, . . . , 7 P }. Since {5\, 82} intersects 70 and is disjoint from any curve in t \ {70} 
and since {b~2,5?,} intersects j p and is disjoint from any curve in t \ {jp}, we see 
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that £) 2 is disjoint from any curve in t. Since {Si, 62} is not equivalent to any HBP 
of two curves in t \ {70}, using Lemmas 13. 21 and 13.31 we see that {61,62} is a 1-HBP 
in S and that there exists a (p — 1)-HBP of two curves in t \ {70} such that the 
other curves in it are contained in the holed sphere cut off by that (p — 1)-HBP 
from S. Similarly, {62, 63} is a 1-HBP in S, and there exists a (p — 1)-HBP of two 
curves in t \ {7^} such that the other curves in it are contained in the holed sphere 
cut off by that (p — 1)-HBP from S. It thus follows that {70, 7 P } is a p-HBP in S. 

We now assume that each jj is a separating curve in S. If 62 lies in the component 
of Sj 70j7p } of positive genus that contains 70 as a boundary component, then the 
HBP {82, 63} cannot intersect j p , kept disjoint from any curve in i\{7 P }, by Lemma 
13.31 This is a contradiction. In a similar way, we can deduce a contradiction if we 
assume that 62 lies in the component of S{~ (0 ~ (p j of positive genus that contains 7 P 
as a boundary component. □ 

Lemma 3.15. Let S = S gtP be a surface with g > 2 and p > 2. Then for any 
integers j, k with 2 < j < p and 1 < k < p, any automorphism ofCV(S) preserves 
j-HBCs in S and k-HBPs in S, respectively. Moreover, the same conclusion holds 
for any automorphism ofCV s (S). 

Proof. Let <fi be an automorphism of CV(S). Pick a j-HBC a in S with 2 < j < p, 
and suppose that 4>{a) is a j'-HBC in S with 2 < j' < p. Let R (resp. R') be 
the component of S a (resp. Sm,^) of positive genus, which is a surface of genus g 
with p — j + 1 (resp. p — j' + 1) boundary components. We note that each HBP 
in R can be identified with an HBP in S via the inclusion of R into S. The same 
thing holds for R' . Let a be a simplex of CV{R) of maximal dimension, which is 
identified with a simplex of CV(S) consisting of HBP-vertices. Since each HBP in 
4>{cr) is disjoint from the HBC </>(«), we can identify (j)(cr) with a simplex of CP(R'). 
We then obtain the inequality 



which implies j > j' . The same argument for _1 shows j < j' . We thus conclude 
the equality j = j'. 

We prove that <fi preserves A:-HBPs in S for each integer k with 1 < k < p by 
induction on p. If p = 2, then (j> preserves 2-HBPs in S because <fi preserves 2-HBCs 
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in S and because any HBP in S disjoint from a 2-HBC in S is a 2-HBP in S. It 
then follows that <f> preserves 1-HBPs in S. 

We next assume p > 3. Pick a simplex a of maximal dimension in CV(S) 
consisting of non-separating HBPs in S. Let s = {«o, • ■ • , o p } denote the collection 
of curves in HBPs of a so that {ctj, otj+i} is a 1-HBP in S for each j = 0, . . . ,p — 1. 
By Lemma T3.131 there exist curves fto, . . . , /3 p in S with 0({aj, a/c}) = {/3j,0k} for 
any distinct j, k — 0, . . . ,p. Choose two distinct 2-HBCs 71, 72 in S contained in 
the holed sphere cut off by {«o, 02} from S. We now apply the hypothesis of the 
induction to the component of 5 7l of positive genus. It then follows that each of 
{^o,^} and {f3j,/3j + i} for any j = 2, . . . ,p — 1 is a 1-HBP in the component of 
5 , 0( 7l ) of positive genus and that {/3o,/3 P } is a (p — 1)-HBP in that component. 

Suppose that {/3j, Pj+i} is a 2-HBP in 5 for some j = 2, . . . ,p — 1. We choose a 
curve a in 5* such that {«o, a} is an HBP in 5 1 ; and a intersects oy+i and is disjoint 
from at for any k £ {0, . . . ,p} \ {j + 1}. Note that {ao, 0} is disjoint from 71 and 
72. On the other hand, ^(71) and 0(72) fill the holed sphere cut off by the 2-HBP 
{fij, Pj+i} in S. Since the 2-simplex of CV(S) consisting of {ao,a}, {ao,ai} and 
{0:0,0:2} is rooted, the HBP </>({ao,a}) contains /3q- Another curve of 4>({oq, a}) 
intersects fij+i and thus intersects 0(71) or 0(72). This is a contradiction. 

We thus proved that {f3 , (3 2 } is a 2-HBP in 5 and that {/3 J; /3 j+1 } is a 1-HBP in 
S for each j = 2, . . . ,p - 1. It follows that {(3 , ^1} and { /?i , /3 2 } are 1-HBPs in S. 
For each k — 1, . . . ,p, the map </> therefore preserves non-separating fc-HBPs in S. 

If non-separating HBPs are replaced by separating HBPs in the above argument, 
then we can prove that <fi preserves separating fc-HBPs in S for each k. A verbatim 
proof shows that any automorphism of CV S (S) preserves j-HBCs in S for each j, 
and then shows that it also preserves separating fc-HBPs in S for each fc. □ 

4. Construction of $ in the case p = 2 

Let S = Sg t2 be a surface with g > 2. For an automorphism </> of CV(S), we 
define a map $: V(S) — > V(S) as in Section |2~4"1 which is shown to be well-defined 
throughout this section. In Sections 14 . 1 1 and [ 4 . 2 [ we study pentagons in CV(S) and 
hexagons in CP S (S), respectively. They are used to show that $ is well-defined on 
the set of non-separating curves in S and on the set of separating curves in S which 
are not HBCs in S, respectively. In Section l4~3l we prove that $ is well-defined. 

4.1. Pentagons in CV(S). We mean by a pentagon in CV(S) the full subgraph of 
CP{S) spanned by five vertices vi,...,vs with i(vk,Vk+i) = and i{vu,Vk+ 2 ) 7^ 
for each fc mod 5 (see Figured]). In this case, let us say that the pentagon is defined 
by the 5-tuple (vi, ... ,1)5). 

Let (j) be an automorphism of CV{S), and pick a non-separating curve a in S. 
To define € V(S), we choose two disjoint and distinct HBPs a\ — {a, a\} and 
0-2 = {o, 02} in S and have to show that the root curve of the edge {</>(ai), 4>(a,2)} 
of CV(S) depends only on a. We connect any two edges of CV(S) consisting of two 
HBPs in S containing a by a sequence of pentagons in CV{S) such that 

• each pentagon in that sequence is equal to the one described in Figure 0] 
up to a homeomorphism of S; and 

• any two successive pentagons in that sequence share at least two HBPs. 

In Lemma l4.7[ considering the image of this sequence of pentagons via <fi, we obtain 
the aforementioned assertion. 
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Figure 4. A pentagon in CV(S) 

Lemma 4.1. Let S = S g % be a surface with g > 2. For each k = 1,2,3, let 
a k = {a, afc} be a non- separating HBP in S such that {ai, a 2 } and {a2, 03} are edges 
of CV(S). Then there exists a sequence of pentagons in CV{S), TL\, II2, . . . , II n , 
satisfying the following: For each k = 1,2, ... ,n, 

(i) up to a homeomorphism of S, Ilk is equal to the pentagon in Figure^that 
is defined by a b-tuple consisting of a 2-HBC, a 2-HBP, a 1-HBP, a 1-HBP 
and a 2-HBP in this order; 

(ii) any of the four HBPs of Ilk contains a; 

(iii) we have a\ £ Oi , 03 £ H n and a 2 £ 11^; and 

(iv) if k < n, then Hk and Hk+i share at least two HBPs. 

Proof. We first deal with the case where 02 is a 2-HBP and subsequently the case 
where is a 1-HBP. 

Let us assume that a2 is a 2-HBP. Since any distinct two 2-HBPs in S intersect, 
ai and a% are both 1-HBPs. We can find a pentagon n in CV(S) containing ai 
and 02 as its vertices and equal to the one in Figure U up to a homeomorphism of 
S. Let b denote the 2-HBC in n, and let Q denote the component of S a2 of genus 
zero, which is homeomorphic to So, 4. The set V(Q) then contains a± and a^. Let 
h G Mod(S') be the half twist about b exchanging the two components of dS. Let 
x S Mod(S') be the Dehn twist about ol\. Define T to be the subgroup of Mod(S') 
generated by h and x. Since 02 is fixed by T, there exists a natural homomorphism 
p: T -> Mod(Q). 

We denote by Mod(Q; a, c^) the subgroup of Mod(Q) consisting of all elements 
that fix each of the two components of dQ corresponding to a and ai- We show the 
equality p(T) — Mod(Q; a, 02). The element p{h) is a half twist about b £ V(Q), 
and p(x) is the Dehn twist about a x E V(Q). We thus have the inclusion p(T) < 
Mod(Q; a, a 2 ). Since the Dehn twists about b and «i generate PMod(Q) and since 
p(h) exchanges the two components of dS, we obtain the inclusion Mod(Q; a, a 2 ) < 
p(r). Our claim follows. 

We put H = {h^ 1 , x ±x }. We note that a\ and «3 lie in V(Q) and that a and a 2 
are contained in distinct components of Q ai (resp. Qa 3 ) as boundary components. 
It follows that ct\ and «3 lie in the same orbit for the action of Mod(<5; a, a 2 ) 
on V(Q). We can thus find hi, . . . ,h n £ H with = p(h\) ■ ■ ■p(h n )oti. Let us 
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Figure 5. PMod is generated by Dehn twists about these curves. 

consider the following sequence of pentagons, 

IT, hiH, hth-zTl, h\hi ■ ■ ■ h n Tl. 

This sequence satisfies conditions (i), (ii) and (iii) in the lemma. We now prove 
that it satisfies condition (iv). Let c\ and C2 denote the two vertices of II except 
01, a<z and b so that Cj is a j-HBP for each j = 1, 2. It then follows that II is the 
5-tuple consisting of the five vertices 6, a%, 01, c\, c% in this order. Since a% and C2 
are disjoint from b, the three vertices 02, C2 and b are fixed by h. Since 02 and ci 
are disjoint from at, the three vertices 02, a\ and c\ are fixed by x. Our sequence 
of pentagons therefore satisfies condition (iv) . 

We next suppose that 02 is a 1-HBP. Let R denote the component of S a2 of 
positive genus, which is homeomorphic to 6^-1,3. Note that a\ and 0:3 are curves 
in R. We prove the existence of a sequence of pentagons in the lemma in the 
following three cases: (a) at and 03 are both 1-HBPs; (b) a\ and 0,3 are both 
2-HBPs; and (c) one of at and 03 is a 1-HBP and another is a 2-HBP. 

(a) Suppose that a\ and (Z3 are both 1-HBPs. Pick a pentagon n containing a\ 
and a2 as its vertices and equal to the one in Figure 2] up to a homeomorphism of 
S. Let b, c and d denote the 2-HBC of n, the 2-HBP of n disjoint from 02 and 
the other 2-HBP of n, respectively. It then follows that n is defined by the 5-tuple 
consisting of the five vertices 6, c, 02, a\ and d in this order. We put c = {0,7}. 

Recall that in general, if X is a surface of positive genus described in Figure [SJ 
then the set of Dehn twists about curves in Figure [5] generates PMod(A) (see [8]). 
One can then find a set of curves in R, denoted by U, satisfying the following two 
conditions (see Figure [6]) : 

• The set of Dehn twists about curves in U generates PMod(i?); 

• There exists a curve St in U with i(ai,Si) 7^ and i(ai,S) — for any 
S e U\{St}; and 

• There exists a curve 62 in U with 1(7, J2) 7^ and 1(7, i5) = for any 
6eU\{6 2 }. 

Let T denote the subset of PMod(S') consisting of all Dehn twists about curves in 
U and their inverses, where curves in R are naturally identified with curves in S. 
Let A be the subgroup of PMod(5) generated by T, and define q : A PMod(i?) 
as the natural homomorphism. Since a\ and 03 are both 2-HBCs in R cutting off 
a pair of pants containing a and a component of dS as boundary components, they 
lie in the same orbit for the action of PMod(i?) on V(R). Choose gt, . . . ,g m G T 
with 013 = q(gt) ■ ■ ■ q(gm)ui- The sequence of pentagons, 

n, giU, 5i32n, . . . , gig 2 ■ ■ ■ ff m n, 
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Figure 6. 

then satisfies conditions (i), (ii) and (iii) in the lemma. Note that a\ is fixed by 
each element of T except ts 1 and its inverse and that c is fixed by each element of T 
except tg 2 and its inverse. Since 02 is fixed by A, the above sequence of pentagons 
satisfies condition (iv). 

(b) Suppose that a± and 03 are both 2-HBPs. Pick a pentagon II containing eti 
and 02 as its vertices and equal to the one in Figure [4] up to a homeomorphism of 
S. Let c denote the 1-HBP of II disjoint and distinct from 0,2, and put c = {0,7}. 
Along an argument similar to that in case (a), we obtain a desired sequence of 
pentagons (see also Figure [6]). 

(c) Finally, we assume that one of a\ and 03 is a 1-HBP and another is a 2- 
HBP. We may assume that a\ is a 1-HBP and 03 is a 2-HBP. Choose a pentagon 
n containing a\ and 02 as its vertices and equal to the one in Figure [4] up to a 
homeomorphism of S. We denote by b, c and d the 2-HBC of n, the 2-HBP of 
n disjoint from a 2 and the other 2-HBP of n, respectively. The pentagon n is 
then defined by the 5-tuple consisting of b, c, et 2 , a± and d in this order. We put 
c = {a, 7}. Note that 7 and 03 are in the same orbit for the action of PMod(i?) 
on V(R). Along an argument of the same kind as in case (a) where ct\ and ot$ are 
in the same orbit for the action of PMod(i?) on V(R), we obtain the lemma. □ 

Let us introduce terminology used in the subsequent proposition. Let X = S g , p 
be a surface with p > 2. 

• Given two distinct components 8\ and 82 of 8X and a separating curve 
a in A, we say that a separates 8\ and 82 if d\ and 82 are contained in 
distinct components of X a . 

• Let 8i, ... ,8k be pairwise distinct components of 8X. We say that an HBC 
P in X encircles 8\, ... ,8k if P cuts off from S a holed sphere containing 
8i, ... ,8k and homeomorphic to So,k+i- 

Proposition 4.2. Let X = S g . p be a surface with g > 1 and p > 4, and let 8\ and 

82 be two distinct components of 8X . Then the full subcomplexV ofC(X) spanned 
by all vertices that correspond to HBCs in X separating 8\ and 82 is connected. 

Proof. The proof is based on Lemma 2.1 of [20] . which presents a technique to prove 
connectivity of a simplicial complex on which PMod(A) acts. Pick two distinct 
components c?3 and 84 of 8X other than 8\ and 82 ■ 

Claim 4.3. For any HBC a in X separating 8\ and 82, there exists a path in T> 
connecting a to a vertex corresponding to an HBC in X encircling 82 and 83. 
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Proof. If the component of X a containing 82 contains 83, then one can hnd an HBC 
in X disjoint from a and encircling 82 and 93. Otherwise, one can find a path in 
V, a, ai, a-2, as, on, such that u\ encircles 8\ and 83; ct2 encircles di, 83 and 84; 
03 encircles 8\ and 84; and on encircles 82 and 83. □ 

Claim 4.4. For any two HBCs a and f3 in X encircling 82 and 83, there exists a 
path in T> connecting a and (3. 

Proof. Let U be the set of curves in X described in Figure [5j As already mentioned 
in the proof of Lemma |4~T1 PMod(X) is generated by Dehn twists about curves in 
U. After labeling 8\, . . . ,8 P appropriately in Figure [SJ one can find an HBC 7 in 
X encircling 82 and 83 such that 

• there exists a unique curve S in U intersecting 7; and 

• there exists an HBC 7' in X which separates d\ and 82 and is disjoint from 
7 and 5. 

The vertices tgj, 7' and 7 of T> form a path in V. Note that PMod(X) sends 7 to 
any HBC in X encircling 82 and 83. The claim is now obtained in the same way 
as in the construction of a sequence of pentagons in the proof of Lemma 14. 11 □ 

The proposition follows from Claims 14.31 and 14.41 □ 

Lemma 4.5. Let Y = S g . p be a surface with g > 2 and p > 2, and pick a non- 
separating curve a in Y. Then the full subcomplex ofCV(Y) spanned by all vertices 
that correspond to HBPs in Y containing a is connected. 

Proof. We set X — Y a , which is homeomorphic to Sg_i, p +2- Using the natural 
one-to-one correspondence between HBPs in Y containing a and HBCs in X which 
separates the two boundary components of X corresponding to a, one can deduce 
the lemma from Proposition ^. 21 □ 

The following lemma gives information on the image of the pentagon in Figure 
2] via an automorphism <j> of CV{S). 

Lemma 4.6. Let S = S g ^ be a surface with g > 2. Let (a, b2, b\, c\, C2) be a 5-tuple 
defining a pentagon H in CV{S) such that 

• bj and Cj are non- separating j-HBPs in S for each j — X, 2; and 

• each of the three edges {62,^1}, {bi,c\\ and {c\,C2\ is rooted. 
Then the root curves of the three edges in the second condition are equal. 

Proof. Let a, (3 and 7 be the root curves of the edges {62, 61}, {b\, Ci} and {ci, C2}, 
respectively. Because of i(b\,ci) = 0, the equality i{a,j3) — i(/3,j) — 1(7, a) = 
holds. We deduce a contradiction by assuming that either (a) a, (3 and 7 are 
mutually distinct; (b) a = /?^7or/3 = 7^a holds; or (c) a = 7 7^ /3 holds. 

(a) We assume that a, j3 and 7 are mutually distinct. The equalities b\ = {a, j3} 
and c\ = then holds. The HBP {0,7} is a 2-HBP because b\ and c\ are 

both 1-HBPs. Since b\ intersects a and since 62 is disjoint from a and contains a, 
we see that f3 intersects a. Put 62 = {a,o;2} and denote by R the component of 
Sb 2 of genus zero, which is homeomorphic to So. 4. Note that a (or a curve in a if 
a is an HBP in S) and j3 lie in R and fill R. Since 7 is disjoint from a and (3, the 
equality 0L2 = 7 holds. This is a contradiction because the equality implies that 62 
and c\ are disjoint. 
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FIGURE 7. A hexagon in CV S {S) 

(b) We suppose a = /3 ^ 7. The equality c\ = {/3,7} then holds. It follows 
from i(b.2,a) = 1(02,0) — that we have i(a,a) — 1(7, a) = and thus i(a,a) — 0. 
This is a contradiction. We can also deduce a contradiction in the same manner if 
(3 = 7 7^ a holds. 

(c) If a = 7 7^ /3, then we have b\ = {a, (3} = c\. This is a contradiction. □ 

Lemma 4.7. Lei S = S 9t 2 be a surface with g > 2, and let <f> be an automorphism 
ofCP(S). For each k = 1,2,3,4, let = {a,ctk} be a non- separating HBP in S 
such that {ai, 02} and {03, 04} are edges ofCV(S). Then the root curves of the two 
edges {4>{a\), ^(02)} and {^(03), ^(04)} ofCV(S) are equal. 

Proof. By Lemma 14.51 there exists a sequence of non-separating HBPs in S, 02 = 
62, &3, ■ ■ ■ , &to-i = a 3i such that any two successive HBPs are disjoint and each b^ 
contains a. We set b\ = a\ and b m — 04. For each fc = 1, . . . , m — 2, if we have 
i{bk,bk+2) 7^ 0, then there exists a sequence of pentagons in CV(S) connecting 
the two edges {bk,bk+i}, {bk+i, bk+2} and satisfying conditions in Lemma 14.11 
Otherwise at least two of b]~+i and bk+2 are equal. We then obtain a sequence 
of pentagons in CP{S), LTi, LT2, . . . , LT n , with 04,02 G IT and 03,04 € LT n . By 
Lemma [4.6( (f>(Uk) is a pentagon consisting of one HBC and four HBPs sharing 
a single non-separating curve in S. Since 4>(Hk) and (f>(Hk+i) share at least two 
HBPs for each k, the non-separating curve shared by all HBPs of 4>(Hk) is equal to 
that of (f>(Hk+i). The lemma follows. □ 

4.2. Hexagons and squares in CP S (S). We mean by a hexagon in CV S (S) the 
full subgraph of CP S (S) spanned by six vertices Vi,...,Vq with i(vk, Vk+i) = 0, 
i(vk,Vk+2) 7^ and i(vk,Vk+3) ^ for each k mod 6 (see Figure [7]). In this case, 
let us say that the hexagon is defined by the 6-tuple (v\, . . . , Ug). 

Similarly, we mean by a square in CP 8 {S) the full subgraph of CP S {S) spanned 
by four vertices vt,...,Vi with i(vk, Ufe+i) = and i(vk, Wfe+2) 7^ for each k mod 
4 (see Figure [5]). In this case, we say that the square is defined by the 4-tuple 
(vi, ■ ■ -,Vi). 

Hexagons and squares in CP S (S) are used to show that <I>(a) is well-defined for 
each separating curve a in 5 which is not an HBC in S. A conclusion similar to 
Lemma [4.71 for such an a is established in Lemma [4.141 To prove it, we connect 
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Figure 8. A square in CV S {S) 

any two edges of CV S (S) consisting of two HBPs in S containing a by a sequence 
of hexagons and squares in CV s (S) . 

Lemma 4.8. Let S = S g , 2 be a surface with g > 2. For each k — 1,2,3, let 
at = {a,ak} be a separating HBP in S such that {(11,02} and {(12,03} are edges of 
CV S {S). We assume that dS is contained in a single component of S a . Then there 
exists a sequence of hexagons inCV s (S), III, n 2 , . . . , Tl n , satisfying the following: 
For each k — 1,2, ... ,n, 

(i) life is defined by a 6-tuple consisting of a 2-HBC, a 2-HBP, a 1-HBP, a 
2- HBP, a 1-HBP and a 2-HBP in this order; 

(ii) any of the five HBPs of Ilk contains a; 

(iii) 01 G III, a-3 G II n and a 2 G II fc ; 

(iv) if k < n, then lik and Hk+i share at least two HBPs. 

Proof. We find a desired sequence of hexagons in the following two cases: (a) a 2 is 
a 2-HBP; and (b) a 2 is a 1-HBP. 

(a) If a 2 is a 2-HBP, then a\ and 03 are 1-HBPs since any two distinct separating 
2-HBPs in S intersect. We denote by Q the component of homeomorphic to 
So,4. Since we have i(a±, a 2 ) = i(as, 0^2) = 0, ot\ and 013 are elements of V(Q). As 
in Figure [3 we can find a hexagon n defined by a 6-tuple (v\, . . . , vq) with v± a 
2-HBC; t>2 = a 2 ; and V3 = a\. We note that V4 is a 2-HBP; v$ is a 1-HBP; and 
vq is a 2-HBP. The vertex V\ lies in V(Q) since it is disjoint from v 2 = a 2 . Let 
h G Mod(5) be the half twist about v\ exchanging the two components of OS. Let 
x G Mod(S') be the Dehn twist about a.\. Define T to be the subgroup of Mod(S) 
generated by h and x. Since a 2 is fixed by T, there exists a natural homomorphism 
p: F — > Mod(Q). We denote by Mod(Q; a, a 2 ) the subgroup of Mod(Q) consisting 
of all elements that fix each of the two components of dQ corresponding to a and 
a 2 . As in the proof of Lemma [4.11 we obtain the equality p(T) = Mod(Q; a, a 2 ). 
Since a and a 2 are contained in distinct components of Q ai (resp. Q a3 ), «3 lies in 
the orbit of ot\ for the action of Mod(Q; a, a 2 ) on V(Q). Setting H = {ft , x ±x }, 
we can thus find fti, . . . , ft n G H with 03 = p(fti) ■ • -p(h n )ai. Along an argument 
of the same kind as in Lemma |4. 11 we obtain a desired sequence of hexagons. 

(b) We next suppose that a 2 is a 1-HBP. Since dS is contained in a single 
component of S a , both ai and 03 are 2-HBPs. Let R denote the component of 
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Figure 9. 



S a2 of positive genus and containing a component of dS. Note that the number 
of boundary components of R is equal to two and that aj and are elements of 
V(R). As in Figure we can find a hexagon IT defined by a 6-tuple (vi, . . . ,v 6 ) 
with vi — oi; «2 = a-2\ and wg a 2-HBC. Note that w 3 is a 2-HBP; w 4 is a 1-HBP; 
and v$ is a 2-HBP. We put v% — {a, fa}. It then follows that fa lies in V{R). 

Let U be the set of the curves in R described in Figure [9] other than a± and fa, 
which satisfies the following two conditions: 

• The set of Dehn twists about curves in U generates PMod(_R); and 

• The curves Si, 5 2 and S 3 in U satisfy i{ai,8i) ^ and i(ai,S) — for 
any 5 e U \ {<5i}; and i(fa, 5 2 ) + 0, i(fa, 5 S ) ^ and i(fa, 6) = for any 
Se U\{6 2 ,5 3 }. 

Note that a.\ and lie in the same orbit for the action of PMod(_R) on V(R). Along 
an argument of the same kind as in Lemma I4.1[ we obtain a desired sequence of 
hexagons. □ 

Lemma 4.9. Let S = S g , 2 be a surface with g > 2. For each k — 1,2,3, let 
o-k = {ct,OLk\ be a separating HBP in S such that {ai,a 2 } and {02,03} are distinct 
edges ofCV s {S). We assume that each component of S a contains a component of 
dS. Then there exists a square H in CV S {S) such that 

• a\, a 2 and 03 are vertices ofH; and 

• the other vertex of II is a 1-HBP in S containing a. 

Proof. We first note that for each k — 1,2,3, is a 1-HBP in S because each 
component of S a contains a component of dS. It follows that cti and 0:3 lie in the 
same component of S a and that a 2 lies in another component of S a , denoted by 
R. Choose a curve «4 in R with 1(0:4, a 2 ) ^ and 04 = {a, 014} a 1-HBP in S. The 
4-tuple (a%, a 2 ,a$, 04) then defines a square in CV S (S). □ 

The following lemma is a variant of Lemma 14.51 for separating HBPs. 

Lemma 4.10. Let X = S 9tP be a surface with g > 2 and p > 2, and pick a 
separating curve a in X which is not an HBC in X . Then the full subcomplex £ of 
CV S {X) spanned by all vertices that correspond to separating HBPs in X containing 
a is connected. 

To prove this lemma, we need the following: 

Proposition 4.11. Let Y = S g _ p be a surface with g > 1 and p > 3, and choose 
a component d of dY . Then the full subcomplex T of C(Y) spanned by all vertices 
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that correspond to HBCs in Y cutting off a holed sphere containing 8 from Y is 
connected. 

Proof. The proof is based on Lemma 2.1 in [5D] as in the proof of Proposition ^. 21 
Label components of dY as di, . . . ,d p with 8 — d\ . We first claim that for any 
curve (3 in Y corresponding to a vertex of J 7 , there exists a path in J- connecting 
j3 to an HBC in Y encircling d\ and 82 ■ If the holed sphere cut off by /3 from Y 
contains 82, then one can find an HBC in Y disjoint from /3 and encircling d\ and 
82- Otherwise, choose j G {3, . . . ,p} so that 8j is contained in the holed sphere 
cut off by /? from Y. One can then find a path in T, f3, 02, /?3, such that (3\ 
encircles 8\ and dj\ P2 encircles d\, 82 and 8j\ and /J3 encircles 8\ and 82- The 
claim follows. 

To prove the proposition, it suffices to show that if 7 and 5 are the curves 
described in Figure [TUl then tsj and 7 are connected by a path in T . Choose the 
two HBCs 71, 72 in Y described in Figure [TUJ The sequence 7, 71, 72 = £572, £«7i f 
tsj is then a desired path in T . □ 

Proof of Lemma \4.10\ Let ai = {a,ai} and a 2 = {a, a^} be vertices of 5. To find 
a path in £ connecting a\ and 02, we may assume £(<xi, 02) ^ 0. Note that ct\ and 
«2 lie in the same component of X a . Let R denote that component of X a and R' 
denote another component of X a . 

If R' contains a component of 8X 1 then there exists a curve j3 in i?' with {a, 0} 
an HBP in X. Since {a, /?} is then disjoint from a\ and 02, we obtain the path ai, 
{a, /3}, 02 in £. 

Suppose that i?' contains no component of 8X . It then follows that R contains 
at least two components of 8X . By Proposition 14. Ill there exists a sequence at = 

/?2, • ■ • , Pn = ct2 of HBCs in R cutting off from R a holed sphere containing the 
component of 8R corresponding to a. The pair {a, 0k}, denoted by bk, is an HBP 
in X , and the sequence a\ = 61, &2 ; • • • 1 b n = ^2 is thus a path in £. □ 

The following two lemmas give us information on the images of the hexagons 
and squares constructed in Lemmas 14. 81 and 14. 91 respectively, via an automorphism 



Lemma 4.12. Let S = S g ^ be a surface with g > 2. Let (vi, . . . , vq) be a 6-tuple 
defining a hexagon in CV S (S) such that 

• Vi, 1)3 and V5 are 2-HBPs: V2 and V4 are 1-HBPs; and 

• each of the four edges {1)1,1)2}, {^2,^3}, {1*3, V4} and {^4,^5} is rooted. 
Then the root curves of the four edges in the second condition are equal. 



0of CV S {S). 
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Proof. We note that in general, if M2} and {112, 113} are rooted edges of CV S (S) 
such that Mi and 113 are 2-HBPs and 112 is a 1-HBP, then the root curves of {ui, u%} 
and {u2, 113} are equal. This fact implies that the root curves of {v\, V2} and {1)2, V3} 
are equal and denoted by a. Similarly, the root curves of {^3,^4} and {^4,1)5} are 
equal and denoted by (3. The equality i(ve,a) = i(vQ,/3) = then holds because 
we have a 6 v\ and /3 6 D5. If a ^ /3, then the equality V3 — {a, /3} would hold. 
This contradicts i(v3,v 6 ) ^ 0. We thus have a = (3. □ 

Lemma 4.13. Let S = 5^,2 fee a surface with g > 2. Let (v±, . . . , V4) be a A-tuple 
defining a square in CP S (S) such that 

• each of v± , . . . , V4 is an HBP; and 

• each of the four edges {v\,V2}, {^2,^3}, {^3,1)4} and {114, vi} is rooted. 
Then the root curves of the four edges in the second condition are equal. 

Proof. Let a and (3 denote the root curves of {vi,?^} and {f4,wi}, respectively. If 
a ^ /?, then we would have V\ = {a, (3}. Since i> 2 and V4 are disjoint from ii 3 , so is 
V\. This is a contradiction. The lemma is obtained by repeating this argument. □ 

Lemma 4.14. Let S — S g .2 be a surface with g > 2, and let <f> be an automorphism 
of CP S (S) . For each k = 1, 2, 3, 4, let ak = {a, ctk} be a separating HBP in S such 
that {01,02} and {(13,04} are edges of CP S (S). Then the root curves of the two 
edges {<fi(ai), 0(0,2)} and {0(0.3), 0(04)} ofCV s (S) are equal. 

Proof. Using Lemma [4.101 one can find a path in CP S (S^) , 02 — ^2, ^3, ■ ■ • , bm— 1 — 
03, such that each bk is an HBP containing a. We put b\ = a\ and b m — 0,4. For 
each k = 1, . . . , m — 2, if i(6/c, bk+2) = 0, then at least two of bk, bk+i and bk+2 are 
equal. If i(bk,bk+2) i= 0, we apply either Lemma l4~8l or Lemma l4~9l to bk, bk+i and 
bk+2- We then obtain a sequence IL, il 2 , . . . , il„ of hexagons or squares in CV S (S) 
such that we have a±, 02 G III and 03, 04 € II„; and for each fc, 11^ and ilfe + i share 
at least two HBPs. It follows from Lemmas 14.121 and 14.131 that for each k, there 
exists a curve shared by all HBPs in cf>(Hk). Since ^(n^) and 4>(llk+i) share at least 
two HBPs, the curve shared by all HBPs of ^(n^) is equal to that of <fi(Ilk+i). The 
root curve of {0(ai), 0(02)} is therefore equal to that of {0(03), 0(0.4)}. □ 

4.3. Definition of $. Let S — S g .2 be a surface with g > 2, and let be an 
automorphism of CV{S). We define a bijection $ from V(S) onto itself as follows. 
If a is an HBC in S, then we set 4>(a) = 0(a). 

If f3 is a non-separating curve in 5, then choose disjoint and distinct curves /3i, 
(3 2 in 5 such that {(3, f3i\ and /3 2 } are both HBPs in 5, and define $(/3) to be 
the root curve of the edge in CV(S) consisting of 0({/3,/3i}) and 4>({f3, fo})- This 
is well-defined by Lemma 14771 

In a similar way, if 7 is a separating curve in S which is not an HBC in S, then 
choose disjoint and distinct curves 71, 72 in S such that {7, 71} and {7, 72} are both 
HBPs in S, and define $(7) to be the root curve of the edge in CP(S) consisting 
of ^({7,71}) and ^({l 1 12}) ■ Lemma [4.141 shows that this is well-defined since 
induces an automorphism of CP S (S) by Lemmas 13.91 and 13.141 

We thus obtain a map $: V(S) — > V(S). Considering _1 , we see that $ is a 
bijection. Note that if i\) is an automorphism of CP S (S), then we obtain a bijection 
'I': V S (S) — > V S (S) by applying the argument in the previous paragraph. 
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5. Construction of $ in the case p > 3 

Let S = S g ,p be a surface with g > 2 and p > 3. For an automorphism <^> of 
CV(S), we define a map V(S) ->■ V r (S') as in Section Most of this section 
is devoted to showing that <I> is well-defined as in the previous section. To define 
<&(o) E V(5) for each curve a in S which is not an HBC in S, choosing any two 
edges ei, &2 of CV(S) consisting of two HBPs containing a, we have to show that 
the root curves of 4>{e{) and 4>{ e 2) & re equal. To show it, we connect e\ and ei by a 
sequence of rooted 2-simplices of CV(S) whose root curve is equal to a. Note that 
rooted 2-simplices of CP(S) exist thanks to the assumption p > 3. 

Lemma 5.1. Let S — S gtP be a surface with g > 2 and p > 3. For each k = 1, 2, 3, 
let etj, = {a,ak} be a non- separating HBP in S such that {0^02} and {02, 03} 
are edges of CV{S). Then there exists a sequence of non- separating HBPs in S, 
a± = b\, &2> • • • j b n — 03, such that for each k = 1, 2, . . . , n — 1, the set {02, bk, bk+i} 
is a rooted 2-simplex ofCP(S) whose root curve is equal to a. 

To prove this lemma, we use the following: 

Proposition 5.2 ([15j Proposition 4.4]). Let X — Sq iP be a surface with p > 5, 
and choose two distinct components d\, 82 of dX . Then the full subcomplex of 
C(X) spanned by all vertices that correspond to curves in X separating d\ and 82 
is connected. 

Proof of Lemma [5J\ If i{a\, 03) = 0, then the lemma obviously holds. We assume 
£(<2i, 03) 7^ 0. Let R denote the component of S a2 of genus zero, and let R' denote 
another component of S m . Because of £(01,0.2) = 1(02,03) = and 1(01,03) ^ 0, 
either (a) £¥1,0:3 E V(R); or (b) 0:1,03 E V(R') occurs. 

(a) Suppose 01,03 E V(R). We note that R contains at least two components 
of dS. If R contains at least three components of dS, then we can find a desired 
sequence of HBPs in S by using Proposition 15.21 

We now suppose that R contains exactly two components of dS. It then follows 
that R' contains at least one component of dS. There exists a curve fit in R! with 
{0,^2} an HBP in S. The sequence ai, {a,/32}, 03 is a desired one. 

(b) Suppose oi, 03 E V(R'). If 02 is not a 1-HBP in S, then we can find a curve 
P2 in R with {a, ,82} an HBP in S. The sequence ai, {o,^}? 03 is a desired one. 

If 02 is a 1-HBP in S, then R' contains at least two components of dS and thus 
has at least four boundary components. Note that both oi and 03 are HBCs in 
R' which separate o and 02 as curves in R' . By Proposition 14.21 there exists a 
sequence 01 = 71, 72, • • • , 7n = 03 of HBCs in R' such that each jj separates o and 
02; and any two successive HBCs in that sequence are disjoint and distinct. For 
each k = 1, 2, . . . , n, the pair {a, jk\, denoted by bk, is an HBP in S. The sequence 
ai = b± , &2j • • • j b n = 03 then satisfies the condition in the lemma. □ 

The following lemma is an analogue of Lemma 1531 dealing with separating HBPs 
in S in place of non-separating ones. 

Lemma 5.3. Let S = S g , p be a surface with g > 2 and p > 3. For each k — 1, 2, 3, 
let Ofe = {o,Ofe} be a separating HBP in S such that {01,02} and {02,03} are 
edges of CV S (S). Then there exists a sequence of separating HBPs in S, ai = 
61, 62, . . . , b n = 03, such that for each k = 1, 2, . . . , n — 1, the set {02, bk, 0fc+i} * s a 
rooted 2-simplex ofCP s (S) whose root curve is equal to a. 
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Proof. If 2(01,03) = 0, then the lemma obviously holds. We assume 2(01,03) =/= 0. 
We denote by R, R' and R" the three components of S a2 so that R is of genus zero, 
R' and R" are of positive genus; and R' (resp. R") has the boundary component 
corresponding to a (resp. 0:2). Note that either (a) 01,03 6 V{R); (b) 01,03 S 
V(R'); or (c) oi,o 3 € V{R") occurs. 

(a) Suppose 01,03 G We note that i? contains at least two components 
of dS. If i? contains at least three components of dS, then a desired sequence of 
HBPs can be obtained as an application of Proposition 15.21 since as a curve in R, 
each of oi and 03 separates the two components of dR corresponding to o and 02- 

If R contains exactly two components of dS, then R' or R" contains at least one 
component of dS. Using this component of dS, we can find a curve 02 in R' or R" 
with {a, P2} an HBP in 5*. The sequence 01, {0,^2}, 0-3 is then a desired one. 

(b) Suppose oi, 03 <G V(R'). If 02 is not a 1-HBP in S, then pick a curve @2 in 
i? with {o,/?2} an HBP in 5. The sequence oi, {o, fo}, 13 is a desired one. 

Assume that 02 is a 1-HBP in S. If i?" contains at least one component of 
dS, then there exists a curve 72 in i?" with {0,72} an HBP in S. The sequence 
<zi, {0,72}, 03 is then a desired one. If i?" contains no component of OS, then 
J?' contains at least two components of dS and thus has at least three boundary 
components. Note that a% and 03 are HBCs in R' cutting off from R' a holed 
sphere containing o as a boundary component. It follows from Proposition 14.111 
that there exists a sequence oi = 61, 62, ■ ■ ■ , 6 n = 03 of HBCs in R' such that 
each 6k cuts off from R' a holed sphere containing o as a boundary component; 
and any two successive HBCs in that sequence are disjoint and distinct. Since for 
each k = 1, 2, . . . , n, the pair {o, 6k}, denoted by bk, is an HBP in S, the sequence 
oi = 61, 62, ... , b n = 03 satisfies the condition of the lemma. 

(c) If oi, 03 G V(R"), then we can find a desired sequence of HBPs in essentially 
the same way as in case (b). □ 

Let S = Sg^p be a surface with g > 2 and p > 3, and let <p be an automorphism 
of CV(S). We define a map V(S) -> V(S) in the same way as in Section [4731 
This is well-defined thanks to the following: 

Lemma 5.4. Let S = S g _ p be a surface with g > 2 and p > 3. Let <f> be an 
automorphism of CV{S), and for each k = 1, 2, 3, 4, let = {o, o^} be an HBP in 
S such that {01,02} and {03,04} are edges ofCV(S). Then the root curves of the 
two edges {4>{ai), ^(02)} and {^(03), (^(04)} ofCV(S) are equal. 

Proof. By Lemmas 14. 5l and T4. 101 there exists a sequence of HBPs in S, ai = bi, 02 = 
62, bs, . . . , 6„-i = 03, b n = 04, such that for each k, we have i(bk, bk+\) — 0, b^ 7^ 
bk+\ and o G 6^. Applying Lemmas 15.11 and 15.31 to the three HBPs bk-i, bk and 
bk+\ for each k = 2, ... ,n — 1, we can find a sequence of HBPs in S, bk-i = 
b\, b\,..., b™ h = bk+i, such that for each 1 = 1,..., rrik — 1, the set {6^, b\, b l k +1 }, 
denoted by a\, is a rooted 2-simplex of CV(S) whose root curve is equal to o. For 
any k and I, each of cr^ncr^ 1 " 1 and cr™* -1 Hal +1 contains at least two HBPs. It turns 
out that the root curve of the edge {^>(oi), ^(02)} is equal to that of the 2-simplex 
0(cr^) for any k and I and is thus equal to that of the edge {(^(03), ^(04)}. □ 

Exchanging symbols appropriately in the above proof, we obtain the following 
lemma. For any automorphism ip of CV S (S), if we define a map ^ : V s (S) — > V S (S) 
in the same way as in Section [4~3l then the lemma shows that ^> is well-defined. 
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Lemma 5.5. Let S = S g ^p be a surface with g > 2 and p > 3. Let ip be an 
automorphism ofCP s (S), and for each k = 1,2, 3, 4, let bk — {/3, (3k} be a separating 
HBP in S such that {bi, 62} and {&3, 64} are edges of CV S (S) . Then the root curves 
of the two edges ^(62)} and {^(b^), ^(64)} ofCV s (S) are equal. 

6. SlMPLICIALITY OF $ 

Let S = Sg tP be a surface with g > 2 and p > 2. We show that the bijection $ 
from V(5) onto itself associated to an automorphism of CV(S), defined in Sections 
2] and EJ induces an automorphism of C(S). 

Theorem 6.1. Let S = S g>v be a surface with g > 2 and p > 2, and let <f> be an 
automorphism ofCP(S). Then the bijection $ from V(S) onto itself associated to 
<f> induces an automorphism ofC(S). 

Proof. It suffices to show that $ is simplicial. Note that by the definition of $ and 
LemmaEH we have 4>({a,/3}) = {$(«), $(/?)} for each HBP {a,/3} in S. 

Let a and /? be distinct curves in S with i(a,f3) = 0. We prove the equality 
i($(a), $(/?)) = in the following three cases: (a) both a and f3 are non-separating 
in S; (b) a is non-separating in 5* and j3 is separating in S; and (c) both a and /3 
are separating in S 1 . 

(a) Suppose that both a and /3 are non-separating in S. If a and /3 are HBP- 
equivalent, then cj)({a, (3}) = {<&(a), $(/?)} is an HBP in 5, and thus i($(a), $(/?)) = 
0. Suppose that a and (3 are not HBP-equivalent. We choose non-separating curves 
a', /8' in S such that a = {a, a'} and & = {/?, /?'} are disjoint 1-HBPs in 5. We 
then have £(0(a), <j>{b)) = and thus i($(a), $(/3)) = 0. 

(b) Suppose that a is non-separating in 5 and that /3 is separating in S. If /3 is 
an HBC in 5, then we can choose a non-separating curve a' in S disjoint from /3 
such that a — {a, a'} is an HBP in S. We then obtain the equality i(tfi(a), </>(/?)) = 
and thus £($(a), $(/?)) = 0. 

We assume that /3 is not an HBC in S. Let R denote the component of Sp 
containing a, and let R! denote another component of Sp. If R contains at least 
one component of dS, then we choose a curve a' in R and a curve j3' in 5 such that 
a = {a, a'} and b — {f3,f3'} are disjoint HBPs in S. We then obtain the equality 
i((f)(a), (f>(b)) = and thus z($ (a), $(/?)) = 0. 

If i? contains no component of 95, then we choose a curve /?' in i?' with b = 
{/3, /?'} a 2-HBP in 5. As in Figure[TT](i), we can find curves eti, ct2 in 5 and curves 
/?2 in R! such that for each k = 1,2, 

• each of au = {a, a^}, 6 fe = /3 fe } and b' k = {/?', is a 1-HBP in S; and 

• i(a fc , 6^) =0 and i^fo) ^ 0. 

Let Q denote the component of homeomorphic to 5o,4- Since <f>{b) is a 2- 

HBP in S and since for each k = 1,2, both <£(6 fc ) = {$(/3)', $(/3 fe )} and </)(&' fe ) = 
{$(/3'), are 1-HBPs in S, the curve $(/3fe) lies in V(Q). The two curves 

<&(/3i) and $(/?2) intersect because b\ and 62 intersect. Hence, 3>(/3i) and ^>(/32) fill 
Q. Since <^(a/-) and </»(&' fe ) are disjoint for each k = 1,2, the curve $(a) is disjoint 
from both and $(/3 2 ). It follows that 3>(a) is disjoint from $(^). 

(c) We assume that both a and (3 are separating in S. Either if both a and (3 
are HBCs in S or if neither a nor /3 is an HBC in S and they are HBP-equivalent, 
then we have i($(a), $(/?)) = 0. 
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Figure 11. 



Suppose that a is an HBC in S and that j3 is not an HBC in S. We choose a 
curve /3' disjoint from a such that {/3, 0.'} is an HBP in S. Since 4>{a) and 4>({f3, /?'}) 
are then disjoint, $(a) and $(/3) are disjoint. 

Finally, we suppose that neither a nor /3 is an HBC in S and they are not HBP- 
equivalent. We denote by R, R' and R" the three components of Si ai p\ so that 
R contains a as a boundary component, but does not contain f3 as a boundary 
component; and R" contains a and /3 as boundary components. Unless dS is 
contained in either R or i?', then there exist two curves a', (3' in S such that 
{a, a'} and {/3, f}'} are disjoint HBPs in S. Wc thus have i($(a), $(/3)) = 0. 

Suppose that dS is contained in either R or R' . Without loss of generality, we 
may assume that dS is contained in R. Let a' be a curve in R with a = {a, a'} a 
2-HBP in 5*. As in Figure [TT1 (ii). we can find curves /3i, @2 in S and curves cti, a2 
in R such that for each k = 1,2, 

• each of a k = {a, afe}, a' fe = {a',afc} and bk = {/3,/3fc} is a 1-HBP in S; and 

• i(a' k , bk) = and i(at, 0.2) ^ 0. 

We denote by Q the component of S^u) homeomorphic to 5o,4, which contains 
$(ai) and <&(a 2 ) because both 4>{a k ) = {$(«), $(afe)} and ^(fflj.) = 
are 1-HBPs in S for each k — 1, 2. The curves and $(aa) fill Q because they 

intersect. Since $(/3) is disjoint from and $(a2), it is disjoint from $(a). □ 

The argument in case (c) in the above proof shows the following: 

Theorem 6.2. Let S = S 9jP be a surface with g > 2 and p > 1, and let ip be an 
automorphism of CV S (S). Then the bijection ^ from V S (S) onto itself associated 
to ip, defined in Sections^ and\B^ induces an automorphism ofC s (S). 

Theorem 1.2 in [15] shows that if S = S 9jP is a surface with g > 2 and p > 2, 
then any automorphism of C S (S) is induced by an element of Mod*(S f ). Combining 
Thcorem l2.ll wc obtain the following: 

Corollary 6.3. Let S = S g , p be a surface with g > 2 and p > 2. Then any 
automorphism ofCV(S) is induced by an element of Mod* (S). Moreover, the same 
conclusion holds for any automorphism of CP s (S) . 

7. Characterization of twisting elements 

The aim of this section is to show that any injective homomorphism from a finite 
index subgroup of P S (S) into P(S) induces a superinjective map from CV S (S) into 
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CV(S). This map is obtained by characterizing HBC and HBP twists algebraically. 
Our argument is based on the characterization of such twists due to Irmak-Ivanov- 
McCarthy [IT]. 

7.1. Preliminaries. Let S — S g . p be a surface with g > 1 and assume that the 
Euler characteristic of S, denoted by x(S) = — p + 2, is negative. Theorem 
3.1 in [TT] asserts that any element x of P(S) is pure in the following sense (see 
Theorem A.l in [T5] for a proof): There exists a £ S(S') U {0} such that 

(I) x fixes each curve of a and each component of S a and of dS; and 
(II) x acts on each component of S a as either the identity or a pseudo-Anosov 
element. 

It follows that P(S) is torsion-free. For r <E S(5'), we denote by P{S) T the stabilizer 
of t in P(S). Theorem A.l of [15] shows that for any a; G P(5) and r e S(5), 
if x fixes r, then x fixes each curve of r and each component of S T . Moreover, x 
preserves an orientation of each curve of r. For each r £ we thus have the 

natural homomorphism 

6 T : P(S) T -^]]_PMod(Q), 

Q 

where Q runs through all components of S T . We define Oq : P(S) T — > PMod(Q) as 
the composition of 9 T with the projection onto PMod(Q). 

It is known that for each x £ P{S), there exists the minimal element among all 
a £ £(5) U {0} satisfying the above conditions (I) and (II). The minimal element 
is called the canonical reduction system ( CRS) for x. We note that 

• the CRS's for x and its non-zero power are equal; and 

• if y € P(S) lies in the centralizer of x, then y fixes the CRS for x. 

Indeed, one can also define the CRS for any element and any subgroup of Mod(iS). 
If x £ Mod(iS) fixes an element of £($), then x is said to be reducible. It is known 
that for each element x £ Mod(S') of infinite order, x is reducible if and only if the 
CRS for x is non-empty. We recommend the reader to consult Section 7 of [12] for 
details on CRS's. 

Pick x £ P(S) and let a £ E(5) U {0} be the CRS for x. We mean by a pA 
component for x a component Q of S a on which x acts as a pseudo-Anosov element. 

Lemma 7.1. Let S = S g . p be a surface with g > 1 and x(S') < 0. Then the 
maximal rank of finitely generated abelian subgroups of P{S) (resp. P S (S)) is equal 
to p if g > 2, and equal to p — 1 if g = 1. 

Proof. If g > 2, then for each simplex a of CP S (S) of maximal dimension, HBP- 
twists about HBPs in a generate a subgroup of P S (S) isomorphic to IP . If g = 1, 
then there exists a simplex r of C S (S) with \t\ = p — 1, and Dehn twists about 
curves in r generate a subgroup of P S (S) isomorphic to Z p_1 . It is thus enough to 
show that the rank of any finitely generated abelian subgroup of P(S) is at most p 
if g > 2, and at most p — 1 if g = 1. We prove it by induction of p. 

If either g > 2 and p = or g = 1 and p = 1, then P(S) is trivial, and the lemma 
is obvious. We assume either g > 2 and p > 1 or g = 1 and p > 2. In general, 
for any short exact sequence of groups, 1— V A — V B — > C — > 1, the inequality 
rk£? < rkA + rkC holds, where for a group D, we denote by rkD the supremum of 
the ranks of finitely generated abelian subgroups in D. Fix a component d of 9S 1 , 
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and let R be the surface obtained from S by attaching a disk to d. Restricting the 
associated Birman exact sequence 

1 -> m(R) A PMod(S) -> PMod(i?) 1 

to P(S) and to P S (S), we obtain the exact sequences 

1 -> tti(J?) -)• P(S) -> P(P) ->• 1, 1 -> iV -> P S (S) -> P S (P) -> 1, 

where we put iV = » -1 (P a (£)). Since we have rk7Ti(i?) = rk/V = 1, the induction is 
completed. □ 

7.2. Characterization. We start with the following observation. 

Lemma 7.2. Let S be a surface of genus at least one with x(S) < 0- Pick x G P{S) 
and a G S(5 I ) such that x fixes a. Let Q be a component of S a) and let r be the 
set of all curves of a corresponding to a component of dQ. Then the following 
assertions hold: 

(i) // we have Q PI OS = and no curve of r is an HBC in S, then 9q(x) is 
neutral. 

(ii) If a is the CRS for x and Q is a pA component for x, then there exists 
y G P(S) such that r is the CRS for y, Q is a unique pA component for 
y, and the equality 9q{x) = 0q{y) holds. 

Proof. Let S denote the closed surface obtained from S by attaching disks to all 
components of dS. Let t: PMod(S) — > Mod(5) be the homomorphism associated 
with the inclusion of S into S. On the assumption in assertion (i), any curve of r is 
essential in S (although some of them may be isotopic in S). Assertion (i) follows 
because t(x) is neutral. 

We prove assertion (ii). Let F and C be representatives of x and r, respectively, 
such that F(C) = C and F is the identity on CUdS. Let Q° denote the component 
of S\C corresponding to Q. Let R denote the surface obtained from Q by attaching 
disks to all components of dQ corresponding to either a component of dS or an 
HBC in S. The element of PMod(i?) induced by 0q(x) is neutral because i(x) is 
neutral. 

Wc define G as the homeomorphism of S obtained by extending the restriction 
of F to Q° so that G is the identity on S \ Q°. Let y E PMod(5") be the isotopy 
class of G. The equality 0q(x) — 0Q(y) then holds. Let t' be the set of all curves of 
r that are not HBCs in S. Let it: C(S) — > C*(S) be the simplicial map associated 
with the inclusion of S into S (see Section |2~2|) . We put f = 7t(t'), which is an 
element of E(5) U {0}. The element t(y) fixes f and acts on each component of <SV 
as the identity. Multiplying y with appropriate powers of Dehn twists about curves 
in t', we may assume that u(y) is neutral. We then have y S P{S) and obtain 
assertion (ii). □ 

Following terminology in [11J . we say that an element x of P(S) is basic if 
the center of the centralizer of x in P(S) is isomorphic to Z. The following two 
propositions characterize basic elements and are stated in Proposition 5.1 of 

Proposition 7.3. Let S be a surface of genus at least one with x(S) < 0. Let T 
be a finite index subgroup of P(S). Pick x S F and let a G S(S') U {0} be the CRS 
for x. We assume that x satisfies one of the following three conditions: 
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(a) There exists a unique pA component Q for x, and any curve of a corre- 
sponds to a component of dQ. Moreover, no curve of a is an HBC in S, 
and no two curves of a form an HBP in S. 

(b) x is a non-zero power of an HBC twist. 

(c) x is a non-zero power of an HBP twist. 

Then the center of the centralizer of x inT is isomorphic to Z. In particular, x is 
basic. 

Proof. We denote by Z(x) the centralizer of x in T and denote by Z the center of 
Z(x). We assume condition (a). By Lemma [2731 it is enough to show that for each 
component R of S a other than Q, the group 0r(Z(x)) either is trivial or contains 
a pair of independent pseudo-Anosov elements of PMod(i?), where two pseudo- 
Anosov elements are said to be independent if they do not generate a virtually cyclic 
group. If R contains a component of dS and is not a pair of pants, then 9r(Z(x)) 
contains independent pseudo-Anosov elements. If R contains no component of dS, 
then Z(x) acts on R trivially by Lemma 17721 (i). 

We assume condition (b). In this case, a consists of a single HBC 7inS and x is 
a non-zero power of tj. Let R be a component of S* 7 . If R contains a component of 
OS and is not a pair of pants, then 6r{Z(x)) contains independent pseudo-Anosov 
elements. If R contains no component of dS, then 7 is a p-HBC in S, and R is 
the component of 5 7 of positive genus. When the genus of S is at least two, the 
group 9 R (Z(x)) contains independent pseudo-Anosov elements because R contains 
an HBP in S. When the genus of S is equal to one, R is homeomorphic to The 
group 9r(Z(x)) is then trivial because Z(x) acts trivially on the torus obtained by 
attaching a disk to dR. It thus turns out that Z is contained in the cyclic group 
generated by t 7 . 

Finally, we assume condition (c). In this case, if x is a non-zero power of the 
element tat^ 1 with {a, (3} an HBP in S, then we have the equality a = {a, (3}. We 
can then apply the same argument as in the case where we assumed condition (a) , 
and we conclude that Z is contained in the cyclic group generated by t a tp . □ 

Proposition 7.4. Let S be a surface of genus at least one with x(S') < 0. Pick 
x e P(S) and let a € S(S') U {0} be the CRS for x. If x is basic, then x satisfies 
one of conditions (a), (b) and (c) in Proposition \ 7. 3\ 

Proof. We first claim that the center of P(S) is trivial. When the genus of S is 
at least two, the claim follows from Lemma [2"72l (ii). When the genus of S is equal 
to one, any separating curve in S is an HBC in S. Along argument similar to the 
proof of Lemma [2"72l we can show that any element of Mod* (5) fixing any element 
of V S (S) fixes any element of V(S) and that any element of Mod* (S) that commutes 
any element of P(S) is neutral. The claim thus follows. 

We denote by Z(x) the centralizer of x in P(S) and denote by Z the center of 
Z(x). The claim shown in the last paragraph implies that x is not neutral. If x 
is pseudo-Anosov, then condition (a) holds. We now suppose that x is reducible, 
and let a € S(S') denote the CRS for x. If a contains an HBC 7 in S, then f 7 lies 
in Z because Z(x) fixes a. Since Z is isomorphic to Z, x and i T generate a cyclic 
group. Pureness of x then shows that condition (b) holds. We can apply the same 
argument in the case where a contains an HBP in S. 

We assume that no curve of a is an HBC in S and no two curves of a form 
an HBP in S. If there were no pA component for x, then x would be neutral by 
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Lemma 12.31 This is a contradiction. If there were two pA components Ri , R2 for 
x, then by Lemma l7.2l (ii). we would have xi,X2 £ P (S) such that 

• both X\ and x-i fix a; and 

• for each j = 1, 2, i?j is a unique pA component for a?j and we have the 
equality 9 Rj {x. } ) = Rj (x). 

The two elements x\ and X2 lie in Z, and they generate Z 2 . This contradicts the 
assumption that Z is isomorphic to Z. It follows that x has a single pA component. 
Condition (a) therefore holds. □ 

Remark 7.5. Let S be a surface of genus at least one with x($) < 0- Pick x £ -P(S') 
and denote by Z the center of the centralizer of x in P(S). We note that Z is 
finitely generated because any abelian subgroup of Mod*(S l ) is finitely generated 
by Theorem A in [5] . Following the proof of Proposition 17.31 we can compute the 
rank of Z as follows. Let a £ U {0} be the CRS for x. We define n\ to be 

the number of pA components for x and define n 2 to be the number of curves of a 
which arc HBCs in S. Let {ri, . . . , r m } be the collection of HBP-equivalence classes 
in a. The rank of Z is then equal to the sum m + n% + J2iLi(\ T i\ — !)• This result 
is stated in Proposition 4.1 of [TTj . 

Wc define £ = £(S) as the set of all non-zero powers of HBC twists in P(S) and 
define *}3 = ty(S) as the set of all non-zero powers of HBP twists in P(S). 

Lemma 7.6. Let S = Sg tP be a surface with g > 2. Let T be a finite index subgroup 
of P S (S), and let f: T — > P(S) be an infective homomorphism. Lf an element x of 
r is basic and lie in a finitely generated abelian subgroup ofT of rank p, then f(x) 
is also basic. In particular, f(y) is basic for each y G € U *}3. 

To prove this lemma, we use the following general fact, which is essentially 
verified in Lemma 5.2 in |10j (see Lemma 6.8 in |15] for a proof). For a group A, we 
denote by rkA the supremum of the ranks of finitely generated abelian subgroups 
in A, and denote by Z(A) the center of A. For each a € A, let Za(o) denote the 
centralizer of a in A. 

Lemma 7.7. Let A and B be groups with rkA = rk_B < 00 and assume that 
any abelian subgroup of B is finitely generated. Let n: A — > B be an injective 
homomorphism. If a is an element of A lying in a finitely generated, free abelian 
subgroup of A with its rank equal to rkA, then we have the inequality 

rkZ{Z B (v(a))) < rkZ(Z A (a)). 

Proof of Lemma \77S[ By Propositions l7.3l and l7.41 Z(Zr(x)) is isomorphic to Z. By 
Lemmas 17. II and 17.71 Z(Zprs)(f(%))) is of rank one. The lemma thus follows. □ 

The following lemma characterizes HBP twists among basic elements and is a 
slight variant of Proposition 6.1 in [TT]. Let us say that an element x of P(S) is 
single-pA if it satisfies condition (a) in Proposition 17.31 

Lemma 7.8. Let S = S 9:P be a surface with g > 2 and p > 2. Then the following 
assertions hold: 

(i) For each 1 e ^fl Ps(S), there exists y £ fl P S (S) such that the group 
generated by x and y is isomorphic to Z 2 and the product xy belongs to *}5. 
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(ii) Let z G P{S) be a basic element. If we have a basic element w G P(S) such 
that the group generated by z and w is isomorphic to Z 2 and the product 
zw is basic, then z belongs to Cp. 

Proof. We first prove assertion (i). Let {a, 0} be the HBP in 5 and k the non-zero 
integer with x = t^tp ■ Since we have g > 2 and p > 2, there exists a curve 7 in 
S which is disjoint and distinct from a and j3 and forms an HBP in S with j3 (and 
thus with a). The element y = tpt~ k is then a desired one. 

We next prove assertion (ii). Note that z and w fix the CRS's for them because 
z and w commute. Since zw is basic, if z were a single-pA element with Q the 
pA component for z, then w would also be a single-pA element with Q the pA 
component for 10, and Oq{z) and 0q(w) would generate a virtually cyclic group. It 
then follows that z and w generate a virtually cyclic group. This is a contradiction. 
If z were a non-zero power of an HBC twist, then w would be a non-zero power of 
the same HBC twist since zw is basic. This also contradicts the assumption that z 
and w generate Z 2 . Proposition 17.41 then shows z G Cp. □ 

For each integer k with 1 < k < p, we denote by Cp^ = tyk(S) the subset of *p 
consisting of all non-zero powers of HBP twists about /c-HBPs in S. If x G *P is a 
non-zero power of the HBP twist about an HBP b in S, we call b the support of x. 
Let us say that two elements x, y G ^3 are equivalent if the supports of x and y are 
disjoint and equivalent. 

Lemma 7.9. Let S = S g , p be a surface with g > 2 andp > 2. Lei T be a finite index 
subgroup of P S (S), and let f : T — > P(S) be an injective homomorphism. Then the 
following assertions hold: 

(i) For each x G *P fl T, we have fix) G 

(ii) If the supports of two elements x,y G n T are disjoint and contain a 
common curve, then the same holds for the supports of f(x) and f(y). 

(iii) If two elements x,y G n T are equivalent, then f(x) and f(y) are also 
equivalent. 

(iv) For each x G fl T, we have f(x) G ^3 p . 

Proof. Assertion (i) follows from Lemmas 17. 61 and 1 7.81 Pick x, y G CpnT so that the 
supports of x and y, denoted by {cei,^} and {/3i,/?2}, respectively, are disjoint. 
To prove assertion (ii), we first assume a\ = ft and ol-2. 7^ ft- There then exist 
non-zero integers j, k with x^y h G Cp. Since all of fix 1 '), fiy h ) and f(x^y k ) belong 
to ^P by assertion (i), the supports of /(x J ) and fiy k ) contain a common curve. 
Assertion (ii) is proved. 

To prove assertion (iii), we next assume that ct\, a-i, ft and ft are mutually 
distinct. Let z be an HBP twist about the HBP {ai,ft} and choose non-zero 
integers a\, 02 and b so that x ai z b and y a2 z b belong to *P and we have z b G T. 
Assertion (ii) implies that the supports of fix ai ) and f(z b ) (resp. fiy a2 ) and fiz b )) 
contain a common curve, and thus fix) and f(y) are equivalent. 

We prove assertion (iv). It will be shown that for each y G (<P\^P P ) PIT, we have 
/(y) G ^P \ *Pp- Once this is verified, assertion (iv) can be deduced by considering 
a maximal family of pairwise disjoint and equivalent HBPs in S because such a 
maximal family contains exactly one p-HBP in S. 

Pick y G pp\ *P P ) n T and let {7,7'} be the support of y, which is a separating 
A;-HBP in S with 1 < k < p — 1. There exists a component Q of ft 7i7 /} such that 
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the genus of Q, denoted by gi , is positive and Q contains a component of dS. We 
may assume that Q contains 7 as a boundary component. Choose a separating 
curve 5 in Q cutting off a surface homeomorphic to S git % from Q. We then have a 
curve 5' e V(Q) U {7} which is separating in S, is disjoint from 6 and cuts off from 
S a surface R homeomorphic to S gi ,2 and containing i5 (see Figure [T2|) . Choose 
a separating curve e in R such that e cuts off a pair of pants from R; and 6 and 
e fill i?. Both {7, 6} and {7, e} are then HBPs in S. Assertion (i) implies that / 
induces a map from the set of separating HBPs in S into the set of HBPs in S, 
which preserves disjointness and non-disjointness. We denote this map by the same 
symbol /. We now prove the following: 

Claim 7.10. The two HBPs /({7, S}) and /({7,e}) contain a common curve. 

Proof. Choose a curve 7" in S such that {7,7"} is an HBP in S and we have 
£(7', 7") ^ 0. We set 

c' = b,l'}, c" = { 7 , 7 "}, d^i^S}, e = { 7 ,e}. 

Note that by assertion (ii), the two HBPs f(c') and f(d) (resp. /(c') and /(e)) 
contain a common curve. If the claim were not true, then we would have the 
inclusion f(c') C f(d) U /(e). Since c" is disjoint from d and e, f(c") is disjoint 
from /(c'). This contradicts £(7', 7") ^ 0. □ 



We put /({7,<5}) = {71, <5i} and /({7,e}) = {71,61}. Since S and e intersect, so 

t l f -i 



do <5i and e%. Fix a non-zero integer / with ti, t s , i e ' G T, and let m and n be the 



non-zero integers with 



71 01 



/(*^r') 



71 ei 



"« e r and 



For each integer we then have t s lq t 1 ^ 

f{tjH q ) = f(t% lq )f(t- lq i q ) - t™n-™ q t-?n^ = t^- n n-; nq t^. 

By Theorem 7 in |21j or Expose 13, §111 in 7], there exists a non-zero integer r 
satisfying the following three conditions: 

• t^tj 1 " and t^t~ r belong to T, and thus so does tj r tl; 

• t~ s r tl acts on R as a pseudo-Anosov element; and 

• f{t^ r tV) ac ts on the subsurface of S filled by Si and ei as a pseudo-Anosov 
element. 
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The element t~^ r t r t is single-pA and lies in a free abelian subgroup of Y of rank p. 
By Lemma 17761 f{t^ r t r t ) is basic and is thus single-pA. 

If f(y) were in *P P , then by Lemma [7.2l fi). there would exist no single-pA element 
in P(S) commuting f(y). This is a contradiction because f(tj r tl) commutes f(y). 
We thus have f(y) € «}J \ typ. □ 

Lemma 7.11. Let S, Y and f: Y — > P(S) be the symbols in Lemma \7.9\ Then for 
each x E €, we have f(x) E € U ^3. 

Proof. Pick x E £, and let a be the HBC in 5 with x a non-zero power of t a . There 
then exists a separating p-HBP b in S disjoint from a. Let y E Y be a non-zero 
power of the HBP twist about b. Since /(y) lies in ^3 P by Lemma [7791 (iv) and since 
/(y) commutes f{x), the element /(#) is not single-pA. □ 

Lemmas 17.91 and 17. Ill show that any injective homomorphism from a finite index 
subgroup of P S (S) into P(S) preserves powers of HBC and HBP twists. The next 
lemma proves the same conclusion for any injective homomorphism from a finite 
index subgroup of P(S) into P(S). 

Lemma 7.12. Let S = S gjP be a surface with g > 2 and p > 2. Let Y be a finite 
index subgroup of P(S), and let f : Y —> P(S) be an injective homomorphism. Then 
for each x E £ U «£, we have f(x) E £ U «£. 

Proof. It suffices to prove that if x E q? (~l T is a non-zero power of the HBP twist 
about a non-separating HBP in S, then we have f(x) E Cp. Along an argument of 
the same kind as in the proof of Lemma l7.8l (i). we can find a non-zero integer k and 
an element y E *P PI Y such that the group generated by x k and y is isomorphic to 
Z 2 and the product x k y belongs to Cp. Following argument in the proof of Lemma 
17. 61 we can show that / preserves basic elements. It then follows from Lemma [7781 
(ii) that f(x k ) belongs to and thus so does f(x). □ 

For each HBC a in S, we denote by T a the cyclic group generated by t a . For 
each HBP b = {(3,"f} in S, we denote by Tb the cyclic group generated by tpt~ x . 
As a consequence of Lemmas 17. 9[ 17.111 and [77T2| we obtain the following: 

Theorem 7.13. Let S = S gjP be a surface with g > 2 and p > 2. Then the 
following assertions hold: 

(i) Let Y be a finite index subgroup of P(S), and let f :Y — S- P(S) be an injec- 
tive homomorphism. Then there exists a superinjective map <f>: CP(S) — > 
CV{S) with f{T v n r) < for any vertex v ofCV(S). 

(ii) Let A 6e a finite index subgroup of P S (S), and let h: A — > P(S) be an injec- 
tive homomorphism. Then there exists a superinjective map if): CP S (S) — > 
CV{S) with h(T v n A) < T^( v ) for any vertex v of CP S {S) . 

Theorem 11.11 can be deduced from Corollary 16.31 and Theorem 17.131 along the 
argument in Section 3 of [13] . We omit details of this part because an argument of 
the same kind appears in many works [4] , [10] , [15] , p~7j , etc. 
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